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Summary

This dissertation provides operator & fractional order-based nonlinear ro-

bust control for the spiral heat exchanger with uncertainties and disturbances

described by the fractional order model. Under disturbances, the aim of this

dissertation is to guarantee the robust stability, tracking performance and

anti-disturbance ability of the spiral heat exchanger with uncertainties.

Heat exchangers are commonly used in various industries. A spiral heat

exchanger is a compact plant that only requires a small space for installation

compared to traditional heat exchanger solutions and is excellent in high heat

transfer efficiency. However, the spiral heat exchanger is a nonlinear plant

with uncertainties and it needs to consider the difference between the heat

medium, the heated medium and the other factors. In some applications, the

output temperature of heated or cooled fluid for the heat exchanger must be

controlled accurately. Because the heat transfer coefficient is impacted by

various factors such as fluid flow, condition pressure, the uncertainties, the

error of the mathematical model, and a long-time delay, etc., it is difficult to

accurately model and control the output temperature of the heat exchanger.

Firstly, a parallel fractional order derivative model is proposed by consid-

ering the merit of the graphics processing unit (GPU) in this dissertation.

A parallel fractional order derivative model for the spiral heat exchanger is

constructed. Simulations show the relationships between the output tempera-

ture of heated fluid and the orders of fractional order derivatives with two

directional fluids impacted by complex factors, namely, the volume flow rate

in hot fluid, and the volume flow rate in cold fluid, respectively.

Secondly, this dissertation studies operator & fractional order based nonlin-

ear robust control for the spiral counter-flow heat exchanger with uncertainties

under disturbances. Operator fractional order controller and fractional order

PID (FOPID) controller are designed and some parameters are tuned by
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trial-and-error method. Simulations verify tracking and anti-disturbance

performance by comparison of different control cases.

Finally, operator based nonlinear fractional order robust control for the

spiral heat exchanger described by a parallel fractional order model is proposed.

The parallel fractional order model for the spiral heat exchanger is identified by

particle swarm Optimization (PSO). FOPID controller and operator controller

for the spiral heat exchanger are designed under parallel fractional order

mathematical model. The parameters of FOPID controller are optimized by

PSO. Comparisons of two control cases are performed, and the effectiveness

is illustrated.
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Chapter 1

Introduction

1.1 Background

A heat exchanger is the most used in the industry such as space heating,

refrigeration, air conditioning, power stations, chemical plants, petrochemical

plants, petroleum refineries, natural-gas processing, and sewage treatment.

It uses the principle of heat transfer between two or more fluids to transfer

the heat energy of the high temperature heat fluid to the low temperature

heat fluid in order to heating the low temperature fluid or cooling the high

temperature heat fluid, which has the idea of energy saving [1–5]. A spiral-

plate heat exchanger is a compact plant that only requires a small space for

installation compared to traditional heat exchanger solutions and has excellent

in high heat transfer efficiency (See [6–9]). However, the spiral-plate heat

exchanger is a nonlinear plant with uncertainties thinking of the difference

between the heat medium, the heated medium and the other factors. In some

applications, the output temperature heated or cooled for the heat exchanger

must be controlled accurately. Because the heat transfer coefficient of the heat

exchanger is impacted by various factors such as fluid flow, condition pressure,

the uncertainties, the error of the mathematical model, and a long-time delay,

etc., so it is difficult to be accurately modelled and controlled. In the past

1
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few years, the research of heat exchangers has mainly focused on the design

of heat exchangers [10–12]. In some papers (Such as [13, 14]), an effective

internal fluid mathematical model is established by using the heat balance

law between the two fluids. Only the effect of the flow velocity on the heat

transfer coefficient, but not the effect of the two fluid flows velocity on the

heat transfer time is considered.

Fractional order derivatives as an extension of integer order derivatives

have been widely used to describe practical application objects following

their first being proposed by Leibniz in 1695 [15]. The research of the theory

and applications to fractional order calculus and derivative (Such as in solu-

tion of fractional order calculus and derivative [16–22] and stability [23–30])

expanded greatly over the 20th and 21st centuries. Now, fractional order

calculus and derivative were used in various fields such as engineering, physics,

chemistry, and hydrology etc. in recent years. Although the use of integer

order derivatives to describe dynamic systems applications using traditional

methods has a clear physical geometric interpretation, in certain real-world

applications dynamic systems described by fractional order derivatives can

be more accurate than those described by integer order derivatives; examples

include viscoelastic systems, liquids, heat diffusion and dielectric polarization,

electrode-electrolyte polarization, nonlinear thermoelastic system etc. [31–38].

Thus, a heat exchanger is suitable for description by fractional order deriva-

tive [39–46]. In a feedback control system, a proportion integral derivative

(PID) control with only three parameters to tune is widely used thanks to

its simple structure and high robustness. For nonlinear control systems with

large delay times and disturbances, it is difficult to achieve good control

performance. Fractional order PID (FOPID) control extends the conventional

PID controller, having five parameters to tune and being more flexible than

the traditional PID controller. FOPID control has better control performance

in applications, as proven by many studies in recent years [47–60]. Fractional
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order controllers were being used extensively by many researchers to achieve

the better robust performance in both the linear and the nonlinear systems.

In [32], nonlinear thermoelastic fractional-order model of nonlocal plates

is studied. Reference [33] proposed a fractional nonlocal elasticity model.

They show elasticity model described by fractional order derivative is more

accurate than the traditional system described by integer order in theory

and application [61]. In control systems, modeling, stability, controllability,

observability is very important for performance. In fractional order system,

these need to be considered in [34, 36, 61, 62], too. Nowadays, fractional order

calculus and derivative are still the absence of solution method and rapid

computing algorithm [63].

GPU (That is graphics processing unit), which provides more computing

units and high data bandwidth in a limited area [64]. It is originally developed

for graphics applications, now, it has been increasingly applied to do parallel

computing in scientific and engineering. GPU has higher execution efficiency

for parallel data, and the more data parallelism, the higher the execution

efficiency. CUDA is a software and hardware system that can make GPU

work as a device for data parallel computing [65,66].

Nonlinear robust control is a problem that has been considered by many

researchers in many different fields. In [13], the authors consider the right

coprime factorization needed to compensate for the nonlinearity of the system

and provide robust control performance in an improved system. The right

coprime factorization suit is required for both linear feedback control and

nonlinear feedback control. This provides a convenient approach to study the

input–output stability of nonlinear feedback control systems. In [39–41,67], the

authors studied robustness using right coprime factorization of a nonlinear

system with perturbations. Operator-based nonlinear robust control is a

simple method to improve stability and anti-disturbance using only the

output signal of the plant.
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A spiral heat exchanger is a nonlinear system with several uncertainties

and many disturbances in the changes in the flow rate, fluid temperature,

fluid density, fluid pressure on the two fluids side, etc., as well as a large

delay time. It is very difficult to control under complex operating conditions.

In application, the spiral heat exchanger mathematical model described via

fractional order differential equation is more accurate than other methods

[37, 61, 68, 69]. Therefore, motivated by the above references, this paper

presents a mathematical model of a spiral heat exchanger using a fractional

order derivative system. Operator-based fractional order control is employed

to improve robustness in a nonlinear system with uncertainties, disturbances,

and a high delay time. A fractional order operator controller and fractional

order PID controller are designed to account for uncertainties and disturbance,

and the different control cases in tracking performance and stability are

analyzed. Finally, the proposed control schemes are simulated and analyzed.

This dissertation focuses on verifying operator and fractional order nonlinear

robust control for a spiral counter-flow heat exchanger with uncertainties

and disturbances by simulatio. In the future, we intend to study operator

and fractional order nonlinear robust control for a spiral counter-flow heat

exchanger with uncertainties and disturbances using experimental equipment

to determine the optimal parameters for fractional order PID control, and to

study MIMO control problems using fractional order derivatives [71-89]

1.2 Fractional order PID control

The differential equation of fractional order controller PIλDδ [55–58]is de-

scribed by

u(t) = Kp1e(t) + KiD
−λ
t e(t) + KdD

δ
t e(t) (1.1)

If λ, δ = 1, it is a conventional PID control. It is obvious that the fractional

order controller needs to design the three parameters Kp1, Ki, and Kd as well
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as the orders λ, δ of the integral and derivative controllers. The orders λ, δ

need not necessarily be integers, and can be any real numbers. As shown

in Figure 4.1, the FOPID (fractional order PID) controller generalizes the

conventional integer order PID controller and expands it from point to plane.

This expansion can provide a great deal more flexibility in PID control design.

Figure 1.1: FOPID controller

1.3 Motivation

In this dissertation, a spiral heat exchanger described by a parallel fractional

order model with uncertainties and disturbances is conducted. Operator &

fractional order based noninear robust contol for the spiral heat exchanger is

proposed and paramters of fractional order PID are optimized by MPSO for

improving control performnce.

First, references [32,33,61] show elasticity model described by fractional

order derivative is more accurate than the traditional system described by in-

teger order in theory and application [17]. Fractional order derivative equation

is more suitable to describe thermoelastic model than integer order equation.
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Heat transfer for the heat exchanger is thermoelastic model. Therefore, it is

motivated by the above references. Traditionally, a spiral-plate heat exchanger

mathematical model is constructed by integer order derivative equation. A

spiral-plate heat exchanger mathematical model constructed by fractional

order derivative equation is more accurate than conventional method. So,

a parallel fractional order derivative model is proposed by considering the

merits of GPU and fractional order derivative. Further, parallel fractional

order derivation model for the spiral heat exchanger is constructed. The

parallel fractional order derivation model for the spiral-plate heat exchanger

executes faster than traditional model and can quickly reply to disturbance.

In the future, we will study operator-based robust nolinear control system for

the spiral heat exchanger by using the proposed parallel model [39–41].

A spiral heat exchanger is a nonlinear system with several uncertainties

and many disturbances in the changes in the flow rate, fluid temperature,

fluid density, fluid pressure on the two fluids side, etc., as well as a large

delay time. It is very difficult to control under complex operating conditions.

In application, the spiral heat exchanger mathematical model described via

fractional order differential equation is more accurate than other methods

[37, 61, 68, 69]. Therefore, motivated by the above references, this paper

presents a mathematical model of a spiral heat exchanger using a fractional

order derivative system. Operator-based fractional order control is employed

to improve robustness in a nonlinear system with uncertainties, disturbances,

and a high delay time. A fractional order operator controller and fractional

order PID controller are designed to account for uncertainties and disturbance,

and the different control cases in tracking performance and stability are

analyzed. Finally, the proposed control schemes are simulated and analyzed.

This disseration focuses on verifying operator and fractional order nonlinear

robust control for a spiral counter-flow heat exchanger with uncertainties and

disturbances by simulation. In summary, the disseration proposed operator
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& fractional order based nonlinear rubust control for a spiral heat exchanger.

1.4 Contribution

In this disseration operator & fractional order based nonlinear robust control

for the spiral heat exchanger described by fractional order model is proposed.

Three main contributions are as follows. First,a parallel fractional order

derivative model is proposed by considering the merits of GPU and fractional

order derivative. Further, parallel fractional order derivation model for the

spiral heat exchanger is constructed. The parallel fractional order derivation

model for the spiral-plate heat exchanger executes faster than traditional

model and can quickly reply to disturbance.

Second, the disseration proposed operator & fractional order based non-

linear robust control for the spiral heat exchanger. Operator-based fractional

order nonlinear robust control is employed to improve robustness in a non-

linear system with uncertainties, disturbances. A fractional order operator

controller and fractional order PID controller are designed to account for

uncertainties and disturbances, and the different control cases in tracking

performance and stability are analyzed. Finally, the proposed control schemes

are simulated and analyzed. This disseration focuses on verifying operator

and fractional order nonlinear robust control for the spiral counter-flow heat

exchanger with uncertainties and disturbances by simulation.

Third, operator based nonlinear fractional order robust control for the

spiral heat exchanger described by parallel fractional order model is proposed.

The parallel fractional order model for the spiral heat exchanger is identified

by PSO. Fractional order PID controller and operator controller for the

spiral heat exchanger are design under identified parallel fractional order

mathematical model. The parameters of FOPID controller are optimized

by PSO. Finally, comparisons of two control cases are performed, and the
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effectiveness is illustrated.

1.5 Organization

The organization of the rest dissertation can be summarized as follows:

In Chapter 2, the fractional order preliminaries and operator theoretical

background to remaining the following chapters of this dissertation is given.

It also presents a spiral heat exchanger.

In Chapter 3, a parallel fractional order derivation model is proposed

by considering the merit of the graphics processing unit (GPU). Then, the

parallel fractional order derivation model for the spiral-plate heat exchanger

is constructed. Simulations show the relationships between the output tem-

perature of heated fluid and the orders of fractional order derivatives with

two directional fluids impacted by complex factors, namely, the volume flow

rate in hot fluid, and the volume flow rate in cold fluid, respectively.

Chapter 4 studies operator & fractional order based nonlinear robust

control for the spiral counter-flow heat exchanger with uncertainties under

disturbances. Operator fractional order controller and fractional order PID

(FOPID) controller are designed and some parameters are tuned by trial-and-

error method. Simulations verify tracking and anti-disturbance performance

by comparison of different control cases.

In chapter 5, operator based nonlinear fractional order robust control for

the spiral heat exchanger described by a parallel fractional order model is

proposed. The parallel fractional order model for the spiral heat exchanger is

identified by PSO. Fractional order PID controller and operator controller for

the spiral heat exchanger are design under parallel fractional order mathe-

matical model. The parameters of FOPID controller are optimized by PSO.

Finally, comparisons of two control cases are performed, and the effectiveness

is illustrated.
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In Chapter 6, the proposed operator & frctional order based robust

nonlinear control for the spiral heat exchanger is summarized. Simulations

and/or experiments have confirm their effectiveness.
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Chapter 2

Mathematical preliminaries and
problem statement

2.1 Introduction

In this chapter, the fractioal order preliminaries and operator theoretical

background to remaining the following chapters of this dissertation is given.

It also presents a spiral heat exchanger.

In Section 2.2, the definitions fractional order derivative and integeral are

introduced.

In Section 2.3, operator and frctional order based rubust nonlinear control

method is presented.

In Section 2.4, Particle swarm optimization is introduced.

In Section 2.5, the problem discussed in this dissertation is presented.

In Section 2.6, the conclusion of this chapter is given.

2.2 Fractional order derivative and integeral

A basic overview of fractional order integral and operator theory are presented

in this section.

11
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Definition 2.2.1 (The definition of Caputo’s fractional order calculus [15]).

D−βf(t) =
1

Γ(β)

∫ t

a

(t− τ)β−1f(τ)d(τ), β > 0 (2.1)

where Γ(·) is Gamma function, Γ(ϵ) =
∫∞
0

e−ttϵ−1.

Definition 2.2.2 (The definition of Caputo’s fractional order derivative [15]).

C
a D

q
t f(t) =

1

Γ(n− q)

∫ t

a

f (n)(t)

(t− τ)n−q−1
dτ, n− 1 < q < n (2.2)

where n is a integer that is equal to or greater than q. If n = 1, then 0 < q < 1.

C
a D

q
t f(t) =

1

Γ(1 − q)

∫ t

a

f ′(t)

(t− τ)−q
dτ (2.3)

2.3 Operator & fractional order-based robust

nonlinear control approach

2.3.1 Lipschitz Operators

Definition 2.3.1 ( [72]). Let Xe and Y e be two extended linear spaces which

are associated, respectively, with two Banch spaces, X and Y, of measurable

functions defined on the time domain [0,∞), and let D be a subset of Xe. A

nonlinear operator A : D → Y e is called a generalized Lipschitz operator on

D if there exists a constant L such that

∥[A(x)]T − [A(x̃)]T∥Y ≤ L∥xT − x̃T∥X

for all x, x̃ ∈ D and for all T ∈ [0,∞).

Note that the least such constant L is provided by

∥A∥ := sup
T∈[0,∞)

sup
x,x̃∈D
xT ̸=x̃T

∥[A(x)]T − [A(x̃)]T∥Y
∥xT − x̃T∥X

(2.4)
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which is a semi-norm for general nonlinear operators and is the actual norm

for linear operator A. The actual norm for a nonlinear operator A is provided

by

∥A∥Lip = ∥A(x0)∥Y + ∥A∥

= ∥A(x0)∥Y + sup
T∈[0,∞)

sup
x,x̃∈D
xT ̸=x̃T

∥[A(x)]T − [A(x̃)]T∥Y
∥xT − x̃T∥X

(2.5)

for any fixed x0 ∈ D.

Theorem 1. Let Xe and Y e be two extended linear spaces which are associated,

respectively, with two Banch spaces, X and Y, of measurable functions defined

on the time domain [0,∞), and let D be a subset of Xe. A nonlinear operator

Ad fractional order operation, defined in [72], is a generalized Lipschitz

operator on D.

Proof. Let Ad(x), meaning mapping from x → Ad, where Ad is a fractional

order operation. For any x1, x2 ∈ Xe; however, x1 ≠ x2 extended linear space.

∥Ad(x1) − Ad(x2)∥ = ∥Dq
x(x1) −Dq

x(x2)∥

= ∥ 1

Γ(n− q)

∫ t

a

x
(n)
1 (τ)

(t− τ)n−q−1dτ − 1

Γ(n− q)

∫ t

a

x
(n)
2 (τ)

(t− τ)n−q−1dτ∥

(2.6)

Because n ≥ q, x1, x2 > τ , then Γ(n− q)
∫ t

a
1

(t−τ)n−q−1 > 0

Therefore,

∥Ad(x1) − Ad(x2)∥ =
1

Γ(n− q)
∥
∫ t

a

x
(n)
1 (τ)

(t− τ)n−q−1dτ −
∫ t

a

x
(n)
2 (τ)

(t− τ)n−q−1dτ∥

≤ 1

Γ(n− q)

∫ t

a

1

t− τn−q−1
dτ∥

∫ t

a

x
(n)
1 (t)dτ −

∫ t

a

x
(n)
2 (t)dτ∥

≤ 1

Γ(n− q)
L∥x1 − x2∥

= H∥x1 − x2∥ (2.7)
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Obviously there exists Ad which is the least constant of H.

Proof completed.

2.3.2 Right Coprime Factorization

Operator P + ∆ P : V → Y denotes a nonlinear system with uncertainties.

Where P is the nominal object, ∆P means the uncertainties of object V and

Y stands for the input and output space of the object.

Right factorization:

By appling an intermediate variable w ∈ W, W is called a quasi-state space

of P and the input and output of the operator P are described as y = N(w)

and v = D(w), respectively. If D is invertible, w(t) = D−1(v)(t), then P(v(t))

= N(w(t)) = ND−1(v)(t) ; if, furthermore, N and D are two stable opera-

tors, the operator P is said to have a right factorization, as shown in Figure 2.1.

Figure 2.1: Right factorization of a nonlinear object.

Right coprime factorization:

After right factorization of a object P into (N, D), if two operators R and

S satisfy the following Bezout identity, the factorization is said to be right
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coprime factorization:

RN + SD = M (2.8)

where R is invertible and M is a unimodular operator. The block diagram of

the right coprime factorization of a nonlinear system P is shown in Figure

2.2. Figure 2.2 shows an operator-based feedback controller for a nonlinear

plant P, with the operators R and S serving as the controller.

Figure 2.2: Right coprime factorization of a nonlinear system.

For a nonlinear real object P̃ , it can be represented as a nominal object

P with bounded uncertainty ∆P and P̃ = P + ∆. The right factorization of

the nominal object P and the overall object P̃ are

P = ND−1 (2.9)

and

P + ∆P = (N + ∆N)D−1 (2.10)

where N , ∆N , and D are stable operators, D is invertible, and ∆N is unknown

while the upper and lower bounds are known. If the following Bezout identity
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is satisfied and if M̃ is a unimodular operator, then the nonlinear feedback

control system is said to be BIBO stable.

R(N + ∆N) + SD = M̃ (2.11)

With the operators S and R determined, if they further satisfy the following

condition then the robustness of the uncertain system is guaranteed:

∥R((N + ∆N) −RN)M−1∥Lip < 1 (2.12)

where ∥ • ∥Lip is a Lipschitz operator norm. The robust operator-based

feedback control system with uncertainty is shown in Figure 2.3.

Figure 2.3: Nonlinear operator-based feedback control system with uncer-
tainty.

Theorem 2 ( [72]). Let De be a linear subspace of the extended linear space U e

associated with a given Banach space UB, and let (R(N + ∆N) +RN)M−1 ∈
Lip(De). Let the Bezout identity of the nominal plant and the exact plant be

RN + SD = M ∈ U(W,U), R(N + ∆N) + SD = M̃ , respectively. If

∥(R(N + ∆N) −RN)M−1∥ < 1 (2.13)

then the system shown in Figure 2.3 is robust stable for ∆N .
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Theorem 3 ( [72]). Let De be a linear subspace of the extended linear space U e

associated with a given Banach space UB, and let (R(N + ∆N)−RN +S(D+

∆D)−SD)M−1 ∈ Lip(De). Let the Bezout identity of the nominal plant and

the exact plant be RN +SD = M ∈ U(W,U), R(N +∆N)+S(D+∆D) = M̃ ,

respectively. If

∥(R(N + ∆N) −RN + S(D + ∆D) − SD)M−1∥ < 1 (2.14)

then the system shown in Figure 2.4 is robust stable for ∆N,∆D.

Figure 2.4: Nonlinear operator-based feedback control system with uncertain-
ties.

Theorem 4. Let De be a linear subspace of the extended linear space U e

associated with a given Banach space UB, and let (R(N + ∆N) − RN +

SD)M−1 ∈ Lip(De). Let the Bezout identity of the nominal plant and the

exact plant be RN+SD = M ∈ U(W,U), R(N+∆N)+SD = M̃ , respectively.

If

∥R(N + ∆N) −RN∥ <
1

∥M−1∥
(2.15)

then the system shown in Figure 2.3 is robust stable for ∆N .
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Proof.

∥(R(N + ∆N) −RN)M−1∥ < ∥R(N + ∆N) −RN∥∥M−1∥ (2.16)

If

∥R(N + ∆N) −RN∥ <
1

∥M−1∥
(2.17)

then

∥(R(N + ∆N) −RN)M−1∥ < 1 (2.18)

According to Theorem 2, the system shown in Figure 2.3 is robust stable for

∆N .

Proof completed.

Theorem 5. Let De be a linear subspace of the extended linear space U e

associated with a given Banach space UB, and let (R(N + ∆N)−RN +S(D+

∆D)−SD)M−1 ∈ Lip(De). Let the Bezout identity of the nominal plant and

the exact plant be RN +SD = M ∈ U(W,U), R(N +∆N)+S(D+∆D) = M̃ ,

respectively. If the condition

∥R(N + ∆N) −RN + S(D + ∆D) − SD∥ <
1

∥M−1∥
(2.19)

is satisfied, then the system shown in Figure 2.4 is robustly stable for ∆N ,

∆D.

Proof. In the same method with Theorem 4, this theorem was proved.

2.4 Particle Swarm Optimization

Particle swarm optimization (PSO) is a population-based stochastic optimiza-

tion technique developed by Eberhart and Kennedy in 1995, inspired by the
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social behavior of bird flocking or fish schooling [89]. PSO shares many simi-

larities with evolutionary computation techniques such as genetic algorithms

(GA) and ant colony optimization (ACO) algorithms [90]. The system is

initialized with a population of random solutions and searches for optima by

updating iterations. However, unlike GA, PSO has no evolution operators

such as crossover and mutation [91]. In PSO, potential solutions, called

particles, fly through the problem space by following the current optimum

particles.

It has been successfully applied to many problems in several fields such as

biomedicine and energy conversion. Image analysis is one of the most frequent

applications and it has been performed on biomedical images, microwave

imaging, among others.

2.5 Problem statement

In this dissertation, a spiral heat exchanger is a nonlinear system with many

uncertainties. In many applications, the output temperature of cooled or

heated side is diffficult to control for many disturbances and complex working

cinditions. The difficulty is to deal with the uncertain ties. So, a suitable

closed-loop control method is proposed to realize the output temperature of

a spiral heat exchanger to deal with such problem.

Firstly, A parallel fractional order derivative model and the problem state-

ment are introduced. Then, the fractional order derivative model for the

spiral-plate heat exchanger is constructed by mathematic analysis and ex-

tending from classical integer order derivative. Further, the parallel fractional

order derivative model for the spiral-plate heat exchanger is constructed by

considering the merit of GPU. Finally, the parallel fractional order derivative

model for the spiral-plate heat exchanger is simulated. Simulations show

the relationships between the output temperature of heated fluid and the
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fractional orders of the two fluids, the input volume flow rate of cold fluid,

and the input volume flow rate of cold fluid, respectively.

Secondly, this dissertation studies operator & fractional order nonlinear

robust control for a spiral counter-flow heat exchanger with uncertainties

and disturbances. First, statement problem about nonlinear fractional order

derivative equation with uncertainties is described. Then, operator fractional

order controller and fractional order PID controller are6 designed and some

parameters are determined. Simulations verify tracking and anti-disturbance

performance by comparison of different control cases.

Thirdly, nonlinear robust control for the spiral heat exchanger based

on operator and FOPID described by parallel fractional order model is

proposed. The parallel fractional order model for the spiral heat exchanger is

identified by PSO. FOPID controller and operator controller for the spiral heat

exchanger are designed under parallel fractional order mathematical model.

The parameters of FOPID controller are optimized by PSO. Comparisons of

two control cases are performed, and the effectiveness is illustrated.

In summary, this dissertation proposes parallel fractional order derivative

model and operator & fractional order nonlinear robust control for the spiral

counter-flow heat exchanger with uncertainties under disturbances.

2.6 Conclusion

In this chapter, the fractioal order preliminaries and operator theoretical

background to remaining the following chapters of this dissertation is given.

In addition, the problems which is discussed in this dissertation are stated,

which gives the framework of our work.



Chapter 3

GPU Based Modelling and
Analysis of Parallel Fractional
Order Model for the
Spiral-Plate Heat Exchanger
plant

3.1 Introduction

In this chapter, a parallel fractional order derivation model is proposed by

considering the merit of the graphics processing unit (GPU). Then, the par-

allel fractional order derivation model for the spiral-plate heat exchanger is

constructed. Simulations show the relationships between the output tempera-

ture of heated fluid and the orders of fractional order derivatives with two

directional fluids impacted by complex factors, namely, the volume flow rate

in hot fluid, and the volume flow rate in cold fluid, respectively. In Section

3.2, a parallel fractional order derivative model is proposed.

In Section 3.3, a mathematic fractional order derivative model for the

spiral-plate heat exchanger is derived.

In Section 3.4, the proposed parallel model for the spiral-plate heat

21
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exchanger with both the counter-flow type and the parallel-flow type and

implementation on GPU are given.

Section 3.5 compares the relationships between the output temperature of

the heated flow fluid and the orders of the fractional order derivative with

the two directional fluids, the volume flow rate of cold fluid, and the volume

flow rate of hot fluid, respectively

Finally, in Section 3.6, a conclusion is given.

3.2 Parallel Fractional Order Derivative Model

In reference [42], parallel fractional order derivative model is not complete

only modelling of a spiral heat exchanger with counter-type by using fractional

order equation and without theory support. It is richened to derive this paper.

According to the definition of the fractional order derivative, the fractional

order derivative Equation (3.1) are given as follows.



Dq
t f(∆h) = − (∆h)−q Γ(q+1)

Γ(2)Γ(q)
f(0) + (∆h)−qf(∆h)

Dq
t f(2(∆h)) = (∆h)−q Γ(q+1)

Γ(3)Γ(q−1)
f(0) − (∆h)−q Γ(q+1)

Γ(2)Γ(q)
f(∆h) + (∆h)−qf(2(∆h))

Dq
t f(3(∆h)) = −(∆h)−q −Γ(q+1)

Γ(4)Γ(q−2)
f(0) + (∆h)−q Γ(q+1)

Γ(3)Γ(q−1)
f(∆h)

−(∆h)−q Γ(q+1)
Γ(2)Γ(q)

f(2(∆h)) + (∆h)−qf(3(∆h))
...

Dq
t f(N(∆h)) = (∆h)−q

∑N
j=1(−1)j Γ(q+1)

Γ(j+1)Γ(q−j+1)
f(t− j(∆h)) + (∆h)−qf(N(∆h))

(3.1)

From (3.1), a parallel fractional order derivative model is described by the

matrix, as follow.

Fk = (∆h)qDfrac + BFk−1 (3.2)
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where Fk, Fk−1, Dfrac ∈ RN , and B ∈ RN×N

Fk =


f(∆h)

f(2(∆h))
...

f(N(∆h))

 (3.3)

Dfrac =


Dq

t f(∆h)
Dq

t f(2(∆h))
...

Dq
t f(N(∆h))

 (3.4)

B =


−Γ(q+1)
Γ(2)Γ(q)

0 . . . 0
Γ(q+1)

Γ(3)Γ(q−1)
−Γ(q+1)
Γ(2)Γ(q)

. . . 0
...

...
...

...
(−1)NΓ(q+1)

Γ(N+1)Γ(q−N+1)
(−1)(N−1)Γ(q+1)
Γ(N)Γ((q−N+1)

. . . −Γ(q+1)
Γ(2)Γ(q)

 (3.5)

Fk−1 =


f(0)
f(∆h)

...
f((N − 1)(∆h))

 (3.6)

3.3 Mathematics analysis

3.3.1 Fractional order derivative model for the spiral-
plate counter-flow heat exchanger

In this section, the spiral-plate heat exchanger with the counter-flow type is

analyzed here. First, we consider the temperature variable in cold fluid, that

is divided into a micro volume as shown in Figure 3.1. Here, vh is the flow

rate in hot fluid. vc is the flow rate in cold fluid. The directions of vh, and

vc are opposite. ∆V is a micro volume in cold fluid. ∆m1 is the heat flux
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transferring from the inside Th(x). ∆m2 is the heat flux transferring from the

outside Th(x + C), C is the length to the angle of 2π.

As seen in Figure 3.1, it denotes the heat transferring between the two

fluids for the spiral-plate counter-flow heat exchanger.

Figure 3.1: The principle of heat transfer for the spiral heat exchanger.

Therefore, according to the heat energy balance law and heat transfer

theory [44], the equations are derived as follows.

ccρc(∆V )
∆Tc(x, t)

∆t
= ∆m1 + ∆m2 (3.7)

∆Tc(x, t)

∆t
= Tc(x + ∆x, t + ∆t) − Tc(x, t) (3.8)

Where cc, ρc, ∆V , k is the specific heat capacity of cold fluid, the density

of cold fluid, a micro volume, the heat transfer coefficient of the spiral-plate
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heat exchanger, respectively. According to the Newton’s law of cooling.

k =
1

hh

+
δs
λ

+
1

hc

(3.9)

Where hh, hc, δs, and λ is the heat transfer coefficient of hot fluid, the

heat transfer coefficient of cold fluid, the width of wall, thermal conductivity,

respectively.

∆m1 = k · (Th(x, t) − Tc(x, t)) · (∆A1) (3.10)

∆m1 is the heat flux transferring from Th(x, t) to Tc(x, t).

Where ∆A1 is the heat transfer suface area Th(x, t) to Tc(x, t).

∆m2 = k · (Th(x + C, t) − Tc(x, t)) · (∆A2) (3.11)

∆m2 is the heat flux transferring from Th(x + C, t) to Tc(x, t).

Where ∆A2 is the heat transfer surface area Th(x+C, t) to Tc(x, t). Each

element is of the length ∆x and the heat transfer surface area ∆A1,∆A2,

and ∆A1 ≈ ∆A2 = ∆A = (∆x) · Z, Z is the height of the spiral-plate

heat exchanger, ∆x is the displacement of cold fluid that moves in time ∆t,

∆V = (∆x) · Z · δh, ∆t =
∆x

vc
. So,

ccρcδcvc
∆Tc(x, t)

∆x
= k(Th(x, t) + Th(x + C, t) − 2Tc(x, t)) (3.12)

Using the thought of differential theory, the relationship between the

length in the differential arc and the angle in differential arc is derived.

∆x =
√

∆r2 + (r(∆θ))2 (3.13)

Applying the spiral function of the spiral-plate heat exchanger, r = aθ + b, it

is obtained from (3.13):

∆x =
√

a2 + (b + aθ)2(∆θ) (3.14)
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Substituting (3.14) into (3.12), the differential equation in cold fluid is ob-

tained as follow.

ccρcδcvc
∆Tc(θ, t)

∆θ
= k

√
a2 + (b + aθ)2(Th(θ, t)+Th(θ+2π, t)−2Tc(θ, t)), θ ∈ [0, 11π)

(3.15)

Because (3.15) is complex. we simplify (3.16) as follow.

ccρcδcvc
∆Tc(θ, t)

∆θ
= Fk

√
a2 + (b + aθ)2(Th(θ, t) − Tc(θ, t)), θ ∈ [0, 11π)

(3.16)

Where F is the constant between 1 and 2 relation to the shape of the heat

exchanger. According to the thought of fractional order derivative [15] (3.16)

is extended from the integer order derivative to the fractional order derivative,

we derive fractional order derivative equation in cold fluid for the spiral-plate

counter-flow heat exchanger as follow. Here, fractional order is impacted by

complex factors, it is difficult to derive by theory method.

ccρcδcvcD
q2
θ Tc(θ, t) = Fk

√
a2 + (b + aθ)2(Th(θ, t) − Tc(θ, t)), θ ∈ [0, 11π)

(3.17)

With the same principle, the fractional order derivative equation in hot

fluid is derived as follow.

chρhδhvhD
q1
θ Th(θ, t) = Fk

√
a2 + (b + aθ)2(Tc(θ, t) − Th(θ, t)), θ ∈ [0, 11π)

(3.18)

A =
√

a2 + (b + aθ)2 (3.19)

Nonlinear fractional order derivative equations for the spiral-plate counter-

flow heat exchanger are given as follows.
Dq1

θ Th(θ, t) =
kFA

vhchρhδh
((Tc(θ, t) − Th(θ, t))

Dq2
θ Tc(θ, t) =

kFA

vcccρcδc
((Th(θ, t) − Tc(θ, t))

θ ∈ [0, 11π]

(3.20)
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Where vh(t) and vc(t) is the input flow rate of time t in hot fluid, the input

flow rate of time t in cold fluid side, respectively.{
QL1 = δhZvh

QL2 = δcZvc
(3.21)

Where QL1 and QL2 is the input volume flow rate in hot fluid side and the

input volume flow rate in cold fluid side, respectively.

Substituting (3.21) into (3.20), fractional order derivative model for the

spiral-plate counter-flow heat exchanger is described as follow.


Dq1

θ Th(θ, t) =
kFAZ

QL1chρh
((Tc(θ, t) − Th(θ, t))

Dq2
θ Tc(θ, t) =

kFAZ

QL2ccρc
((Th(θ, t) − Tc(θ, t))

θ ∈ [0, 11π]

(3.22)

Considering boundary conditions, Th(11π, t) and Tc(0, t) is the input temper-

ature of time t in hot fluid, the input temperature of time t in cold fluid,

respectively.

3.3.2 Fractional order derivative model for the spiral-
plate parallel-flow heat exchanger

With the same method, the fractional order derivative model for the spiral-

plate parallel-flow heat exchanger is derived as follow.
Dq1

θ Th(θ, t) =
kFAZ

QL1chρh
((Tc(θ, t) − Th(θ, t))

Dq2
θ Tc(θ, t) =

kFAZ

QL2ccρc
((Th(θ, t) − Tc(θ, t))

θ ∈ [0, 11π]

(3.23)

Considering boundary conditions, Th(0, t) and Tc(0, t) is the input temperature

of time t in hot fluid, the input temperature of time t in cold fluid side,

respectively.
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The fractional order derivation equations for the spiral-plate parallel-flow

heat exchanger are similar to that with the spiral-plate counter-flow heat

exchanger, but the boundary conditions are different.

3.4 Parallel fractional order derivative model

for the spiral-plate heat exchanger

3.4.1 Parallel model for the spiral-plate counter-flow
heat exchanger

Applying (3.1) - (3.6) into (3.22), parallel fractional order derivative model

for the spiral-plate counter-flow heat exchanger is described as follow.

{
Thk = (∆θ)q1Dhfrac + BhThk−1

Tck = (∆θ)q2Dcfrac + BcTck−1

(3.24)

Where Thk, Thk−1, Dhfrac ∈ RN , and Bh ∈ RN×N

Tck, Tck−1, Dcfrac ∈ RN , and Bc ∈ RN×N

Thk =


Th(∆θ)

Th(2(∆θ))
...

Th(N(∆θ))

 (3.25)

Bh =


−Γ(q1+1)
Γ(2)Γ(q1)

0 . . . 0
Γ(q1+1)

Γ(3)Γ(q1−1)
−Γ(q1+1)
Γ(2)Γ(q1)

. . . 0
...

...
...

...
(−1)NΓ(q1+1)

Γ(N+1)Γ(q1−N+1)
(−1)(N−1)Γ(q1+1)
Γ(N)Γ((q1−N+1)

. . . −Γ(q1+1)
Γ(2)Γ(q1)

 (3.26)
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Thk−1 =


Th(0)
Th(∆θ)

...
Th((N − 1)(∆θ))

 (3.27)

Bc =


frac−Γ(q2 + 1)Γ(2)Γ(q2) 0 . . . 0

Γ(q2+1)
Γ(3)Γ(q2−1)

−Γ(q2+1)
Γ(2)Γ(q2)

. . . 0
...

...
...

...
(−1)NΓ(q2+1)

Γ(N+1)Γ(q2−N+1)
(−1)(N−1)Γ(q2+1)
Γ(N)Γ((q2−N+1)

. . . −Γ(q2+1)
Γ(2)Γ(q2)

 (3.28)

Tck =


Tc(∆θ)
Tc(2∆θ)

...
Tc(N(∆θ))

 (3.29)

Tck−1 =


Tc(0)
Tc(∆θ)

...
Tc((N − 1)(∆θ))

 (3.30)

So, the parallel fractional order derivative model for the spiral-plate

counter-flow heat exchanger is obtained.
Thk = (∆θ)q1

FkZA

QL1chρh
(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
FkZA

QL2ccρc
(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(3.31)


Dhfrac =

FkZA

QL1chρh
(HTcK−1 − ThK−1)

Dcfrac =
FkZA

QL2ccρc
(HThK−1 − TcK−1)

(3.32)
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{
Thk = (∆θ)q1Dhfrac + BhThk−1

Tck = (∆θ)q2Dcfrac + BcTck−1

(3.33)

Where

H =


0 0 0 . . . 0 1
0 0 0 . . . 1 0
...

...
...

...
...

...
1 0 0 . . . 0 0

 (3.34)

C =
(

0 0 0 0 . . . 1
)

(3.35)

Where C ∈ R1×NandH ∈ RN×N . The parallel fractional order derivative

model for the spiral-plate counter-flow heat exchanger is a model with the

parallel input data. It has high efficiency executed on GPU. The proposed

parallel model is implemented on GPU by using MATLAB and CUDA [66].

3.4.2 The proposed parallel model for the spiral-plate
parallel-flow heat exchanger

The parallel fractional derivation model for the spiral-plate parallel-flow heat

exchanger is obtained by the same method with the spiral-plate counter-flow

heat exchanger presented as above.

With the same method from (3.22), the parallel fractional order derivative

equations for the spiral-plate parallel-flow heat exchanger are described as

follows.


Thk = (∆θ)q1

FkZA

QL1c1ρh
(TcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
FkZA

QL2ccρc
(ThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(3.36)
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Dhfrac =

FkZA

QL1chρh
(TcK−1 − ThK−1)

Dcfrac =
FkZA

QL2ccρc
(ThK−1 − TcK−1)

(3.37)

The parallel fractional order derivative model for the spiral-plate parallel-flow

heat exchanger is described as follow.

{
Thk = (∆θ)q1Dhfrac + BhThk−1

Tck = (∆θ)q2Dcfrac + BcTck−1

(3.38)

Where Thk, Thk−1, Dhfrac ∈ RN , and Bh ∈ RN×N

Tck, Tck−1, Dcfrac ∈ RN , and Bc ∈ RN×N

3.5 Simulation on the proposed parallel model

for the spiral-plate heat exchanger

In this section, it is analysed for the relationships between the output tem-

perature in cold fluid and the fractional orders q1, q2 for the proposed parallel

model for the spiral-plate heat exchanger, the volume flow rate in hot fluid

and the volume flow rate in cold fluid.

Simulation parameters of the spiral-plate heat exchanger are shown in

Table 4.1.
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Table 3.1: Simulation parameters of the spiral-plate heat exchanger.

Meaning Symbol Value

The densities of the two fluids ρc, ρh 1000 Kg/m3

The specific heat capacity of the two fluids cc, ch 4.2 KJ/(Kg.oC)
The input temperature of cold fluid Tc,in 20 oC
The input temperature of hot fluid Th,in 50 oC
Thermal conductivity of SUS304 λ 16.7 W/(moC)
Heat transfer coefficients of the two fluids hh, hc 366 w/m2.K
The orders for fractional order derivative q1, q2 0.9 - 1.02
The volume flow rate of hot fluid QL1 1 - 7 L/min
The volume flow rate of cold fluid QL2 1 - 7 L/min
Correction factor F 1.8
Simulation time t [0, 12] s

Table 3.3: The relateships between the output temperature of cold fluid and
the flow rates of hot fluid, cold fluid for the proposed parallel model of the
spiral-plate parallel-flow heat exchanger.

Figure No. descrption

Figure 3.12 q1, q2 = 0.9, 0.92, 0.94, 0.96, 0.98, 1.0
Figure 3.13 q1 , q2 = 1.004, 1.008, 1.01, 1.02
Figure 3.14 QL1 = 1L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.15 QL1 = 3L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.16 QL1 = 5L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.17 QL1 = 7L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.18 QL1 = 1, 3, 5, 7L/min,QL2 = 1L/min
Figure 3.19 QL1 = 1, 3, 5, 7L/min,QL2 = 3L/min
Figure 3.20 QL1 = 1, 3, 5, 7L/min,QL2 = 5L/min
Figure 3.21 QL1 = 1, 3, 5, 7L/min,QL2 = 7L/min

3.5.1 Simulation on the proposed parallel model for
the spiral-plate counter-flow heat exchanger

(1) Simulation with the different fractional orders as q1, q2 ≤ 1.

The relationships between the output temperature in cold fluid and the
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Table 3.2: The relationships between the output temperature of cold fluid
and the volume flow rates of hot fluid, cold fluid for the proposed parallel
model for the spiral-plate counter-flow heat exchanger.

Figure No. descrption

Figure 3.2 q1, q2 = 0.9, 0.92, 0.94, 0.96, 0.98, 1.0
Figure 3.3 q1 , q2 = 1.004, 1.008, 1.01, 1.02
Figure 3.4 QL1 = 1L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.5 QL1 = 3L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.6 QL1 = 5L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.7 QL1 = 7L/min,QL2 = 1, 3, 5, 7L/min
Figure 3.8 QL1 = 1, 3, 5, 7L/min,QL2 = 1L/min
Figure 3.9 QL1 = 1, 3, 5, 7L/min,QL2 = 3L/min
Figure 3.10 QL1 = 1, 3, 5, 7L/min,QL2 = 5L/min
Figure 3.11 QL1 = 1, 3, 5, 7L/min,QL2 = 7L/min

fractional orders as q1, q2 ≤ 1 are shown in Figure 3.2. Those show that the

output temperature increases with the fractional orders q1, q2 rises up as

shown in Figure 3.2.

Figure 3.2: The output temperature in cold fluid as q1, q2 ≤ 1.

(2) Simulation with the different fractional orders as q1, q2 > 1.

The relationships between the output temperature in cold fluid and the
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different fractional orders as q1, q2 > 1 are shown in Figure 3.3. It shows

when q1, q2 = 1.025, the output temperature in cold fluid is unstable.

Figure 3.3: The output temperature in cold fluid as q1, q2 > 1.

(3) The relationships between the output temperature in cold fluid and the

different volume flow rate of hot fluid.

The relationships between the output temperature in cold fluid and the

different volume flow rate of hot fluid are shown in Figures 3.4 - 3.7. Those

figures show that the output temperature rises with the volume flow rate of

hot fluid increases.

Figure 3.4: The output temperature in cold fluid with QL1 = 1 L/Min.
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Figure 3.5: The output temperature in cold fluid with QL1 = 3 L/Min.

Figure 3.6: The output temperature in cold fluid with QL1 = 5 L/Min.

Figure 3.7: The output temperature in cold fluid with QL1 = 7 L/Min.
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(4) The relationships between the output temperature in cold fluid and the

different volume flow rate of cold fluid.

The relationships between the output temperature in cold fluid and the

different volume flow rate of cold fluid are shown in Figures 3.8 - 3.11. Those

figures show that the output temperature in cold fluid goes down with the

volume flow rate of cold fluid increases.

Figure 3.8: The output temperature in cold fluid with QL2 = 1 L/Min.

Figure 3.9: The output temperature in cold fluid with QL2 = 3 L/Min.
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Figure 3.10: The output temperature in cold fluid with QL2 = 5 L/Min.

Figure 3.11: The output temperature in cold fluid with QL2 = 7 L/Min.

3.5.2 Simulation on the proposed parallel model for
the spiral-plate parallel-flow heat exchanger

In this section, it is analysed for the relationships between the output temper-

ature in cold fluid, the fractional orders q1, q2 , the volume flow rate of hot

fluid, and the volume flow rate of cold fluid. Simulation parameters are given

in Table 4.1.

(1) Simulation with the different fractional orders as q1, q2 ≤ 1.
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The relationships between output temperature in cold fluid and the frac-

tional orders as q1, q2 ≤ 1 are shown in Figure 3.12. They show that the

output temperature rises with the fractional orders q1, q2 increases as shown

in Figure 3.12.

Figure 3.12: The output temperature in cold fluid as q1, q2 ≤ 1.

(2) Simulation with the different fractional orders as q1, q2 > 1.

The relationships between the output temperature in cold fluid and the

fractional orders as q1, q2 > 1 are shown in Figure 3.13. When q1, q2 is 1.025,

the output temperature in cold fluid is unstable.

Figure 3.13: The output temperature in cold fluid as q1, q2 > 1.
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(3) The relationships between the output temperature of cold fluid and the

different volume flow rate of hot fluid.

The relationships between the output temperature in cold fluid and the

different volume flow rate of hot fluid are shown in Figures 3.14 - 3.17. Those

figures show that output temperature in cold fluid rises with the volume flow

rate of hot fluid increases.

Figure 3.14: The output temperature in cold fluid with QL1 = 1 L/Min.

Figure 3.15: The output temperature in cold fluid with QL1 = 3 L/Min.
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Figure 3.16: The output temperature in cold fluid with QL1 = 5 L/Min.

Figure 3.17: The output temperature in cold fluid with QL1 = 7 L/Min.

(4) The relationships between the output temperature of cold fluid and the

different volume flow rate of cold fluid.

The relationships between the output temperature in cold fluid and the

different volume flow rate of cold fluid are shown in Figures. 3.18 - 3.21.

Those figures show that the output temperature in cold fluid drops down

with the volume flow rate of cold fluid increases.
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Figure 3.18: The output temperature in cold fluid with QL2 = 1 L/Min.

Figure 3.19: The output temperature in cold fluid with QL2 = 3 L/Min.

Figure 3.20: The output temperature in cold fluid with QL2 = 5 L/Min.
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Figure 3.21: The output temperature in cold fluid with QL2 = 7 L/Min.

3.6 Conclusion

A parallel fractional order derivative model and the problem statement are

introduced in this paper. Then, the fractional order derivative model for the

spiral-plate heat exchanger is constructed by mathematic analysis and ex-

tending from classical integer order derivative. Further, the parallel fractional

order derivative model for the spiral-plate heat exchanger is constructed by

considering the merit of GPU. Finally, the parallel fractional order derivative

model for the spiral-plate heat exchanger is simulated. Simulations show

the relationships between the output temperature of heated fluid and the

fractional orders of the two fluids, the input volume flow rate of cold fluid,

and the input volume flow rate of cold fluid, respectively.



Chapter 4

Operator & Fractional Order
Based Nonlinear Robust
Control for the Spiral Heat
Exchanger

4.1 Introduction

This chapter studies operator and fractional order nonlinear robust control

for a spiral counter-flow heat exchanger with uncertainties and disturbances.

The design of an operator fractional order controller and fractional order

PID controller and determination of several related parameters is described.

Simulations were performed to verify tracking and anti-disturbance perfor-

mance by comparison to different control cases; verification is described and

concluding remarks provided.

In Section 4.2 a problem statement concerning fractional order equations

for a spiral-plate heat exchanger is presented.

In Section 4.3, a fractional order operator controller is designed and the

different control cases are analyzed in terms of tracking performance and

stability.

43
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Simulations verifying operator and fractional order-based robust nonlin-

ear control for a spiral counter-flow heat exchanger with uncertainties and

disturbances are reviewed in Section 4.4.

In Section 4.5 conclusions are provided.

4.2 Fractional order equation for a spiral heat

exchanger

According to the law of heat-energy balance of two fluids, the fractional order

derivative model for a spiral-plate parallel flow heat exchanger is derived as

follows [46]:


Dq1

θ Th(θ, t) =
(k + ∆k)FAZ

QL1chρh
(Tc(θ, t) − Th(θ, t)

Dq2
θ Tc(θ, t) =

(k + ∆k)FAZ

QL2ccρc
(Th(θ, t) − Tc(θ, t)

θ ∈ [0, 11π]

(4.1)

Let q1 = q, q2 = q + ∆q, then,

Dq2
θ Tc(θ, t) = Dq

θTc(θ, t) − ∆Dq

=
kFAZ

QL2ccρc
(Th(θ, t) − Tc(θ, t))

(4.2)

Thus,

Dq
θTh(θ, t) =

(k + ∆k)FAZ

QL1kh
(Tc(θ, t) − Th(θ, t)) (4.3)

Dq
θTc(θ, t) + ∆Dq =

(k + ∆k)FAZ

QL2kc
(Th(θ, t) − Tc(θ, t)) (4.4)

θ ∈ [0, 11π]
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Dq
θ(∆T (θ, t)) + ∆Dq = FAZ(

1

kcQL2

+
1

khQL1

)∆T (θ, t) (4.5)

where k = δs
λ

, k + ∆k = 1
hh

+ δs
λ

+ 1
hc

, kc = ccρc, kh = chρh, and ∆T (θ, t)

= Tc(θ, t) − Th(θ, t). A =
√
a2 + b2 and A + ∆A=

√
a2 + (b + a ∗ 11π)2

F ∈ [1, 2], which is related to the plant of the spiral-plate heat exchanger;

ρc and ρh are the densities of the cold fluid and the heat fluid, respectively;

cc and ch are the specific heat capacities of the cold fluid and the heat fluid,

respectively; Tc,in and Th,in are the input temperatures of the cold fluid and

the heat fluid, respectively; Tc,out and Th,out are the output temperatures of

the cold fluid and the heat fluid, respectively; q1 and q2 are fractional orders

of the hot fluid and the cold fluid, respectively; and QL1 and QL2 are the

volume flow rate of the hot fluid and the cold fluid, respectively.

Tc,out(t) = Th,in(t) + FZAD−q
11π[

1

kcQL2

+
1

khQL1

∆T (θ, t)] + ∆Dq (4.6)

where Tc,out(t) = T (11π, t), Tc,in(t) = Th(0, t), Th,in(t) = Th(11π, t), Th,out(t)

= Th(0, t). Tc,in − Th,out is the initial condition of the fractional order integral.

4.3 Fractional Order Operator Controller De-

sign and Tracking Controller Design

4.3.1 Operator-Based Fractional Order Controller De-
sign

As shown in Figure 2.4, provided a nonlinear operator control system, opera-

tors V and Y are the input and output space of this plant. Let (N, D) be

the right factorization of P. The feedback nonlinear control system shown in

Figure 2.4 is BIBO stable if there exist two stable operators R: Y → V, S: V

→ V (S being invertible as well) that satisfy the Bezout identity equation:

RN + SD = M (4.7)
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where M is a unimodular operator to consider the uncertain term in the

nonlinear system. With the designed operators S and R in Figure 2.4, the

following equation can be satisfied:

∥R(N + ∆N) −RN + S(D + ∆D) − SD∥ <
1

∥M−1∥
(4.8)

where ∥ • ∥ is a Lipschitz norm. Then, the nonlinear feedback control system

is robustly stable where M is an unimodular operator. The mathematical

modeling of P considering the uncertain term ∆P can be provided for the

the spiral heat exchanger system as follows:

P + ∆P :

Tc,out(t) = Th,in(t) + FZ(k + ∆k)D−q
11π(

1

QL2kc
+

1

QL1kh
)∆T (θ, t)) + ∆Dq

(4.9)

where Tc,out(t) = T (11π, t), Tc,in(t) = Th(0, t), Th,in(t) = Th(11π, t), Th,out(t)

= Th(0, t). The plant can be right coprime factorized as follows:

(D + ∆D)−1 : V → W

w = (A + ∆A)
1

QL2kc
+

1

QL1kh
(4.10)

(D + ∆D) : W → V

QL1 =
(A + ∆A)QL2kc

[QL2kcw − (A + ∆A)]kh
(4.11)

D : W → V

QL1 =
AQL2kc

(QL2kcw − A)kh
(4.12)

N + ∆N : W → Y

Tc,out(t) = Th,in(t) + FZ(k + ∆k)D−q
11π(w∆T (θ, t)) + ∆Dq (4.13)
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N : W → Y

Tc,out(t) = Th,in(t) + FZkD−q
11π(w∆T (θ, t)) (4.14)

The operator-based feedback control system is shown in Figure 2.2. The

operators R and S are designed as follows:

R : Y → V

b = kp
1

FZk
Dq

11π(∆T (θ, t)) (4.15)

where ∆T (θ, t) = Tc,out(t) − Th,in(t).

S−1 : V → V

QL1 = (KM −Kp)
AQL2kc

(QL2kce− A)Kh

(4.16)

S : V → V

e = A(
1

QL2kc
+

1

QL1kh
) (4.17)

Operators R and S−1 are designed to satisfy the Bezout identity:

RN + SD = M (4.18)

thus, if

∥(R(N + ∆N) −RN + S(D + ∆D) − SD))∥ < 1/∥M−1∥ (4.19)

is satisfied according to Therom 5, then the system is BIBO stable.

4.3.2 Fractional Order Operator-Based Control Stabil-
ity Analysis

In this section, the stability of the fractional order operator-based control

system for a spiral-plate exchanger with uncertainties is presented.
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R(N + ∆N) −RN =
1

FZk
Dq

11π(∆T )FZ(k + ∆k)D−q
11π(w∆T ) − 1

FZk
Dq

11π(∆T )FZkD−q
11π(w∆T )

=
k + ∆k

k
− 1

=
∆k

k
(4.20)

S(D + ∆D) − SD = A{ [QL2kc − (A + ∆A)]kh
kh(A + ∆A)QL2kc

+
1

QL2kc
} − A{ [QL2kc − A]kh

khAQL2kc
+

1

QL2kc
}

= A{QL2kc − (A + ∆A)

(A + ∆A)QL2kc
+

1

QL2kc
} − A{QL2kc − A

AQL2kc
+

1

QL2kc
}

= A{ 1

A + ∆A
− 1

QL2kc
+

1

QL2kc
} − A{ 1

A
− 1

QL2kc
+

1

QL2kc
}

=
A

A + ∆A
− 1

= − ∆A

A + ∆A
(4.21)

thus,

∥R(N + ∆N) −RN + S(D + ∆D) − SD∥ = ∥∆k

k
− ∆A

A + ∆A
∥

< ∥∆k

k
∥ + ∥ ∆A

A + ∆A
∥

(4.22)

According to the stability conditions of the fractional order operator-based

control system, if

∥∆k

k
∥ + ∥ ∆A

A + ∆A
∥ < 1/∥M−1∥ (4.23)

that is,

∥M−1∥ <
1

∥∆k

k
∥ + ∥ ∆A

A + ∆A
∥ (4.24)
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Here, kM =
1

∥M−1∥
thus,

kM > ∥∆k

k
∥ + ∥ ∆A

A + ∆A
∥ (4.25)

is a BIBO stable condition.

From Table A.1,
∆k

k
=

732

9278
= 0.07.

∆A

A + ∆A
=

0.135

0.215
= 0.627. Let,

kM > 0.627, then, the nonlinear control system is BIBO stable.

The fractional order operator-based control system is stable under con-

dition (46), however, the track precision is bad because of model error and

disturbances. Therefore, it is rarely used alone. In order to improve the

robustness, anti-interference, and tracking performance of the control system,

we designed a feedback control system for the tracking controller.

4.3.3 Tracking Controller Design

The differential equation of fractional order controller PIλDδ is described by

u(t) = Kp1e(t) + KiD
−λ
t e(t) + KdD

δ
t e(t) (4.26)

If λ, δ = 1, it is a conventional PID control. It is obvious that the fractional

order controller needs to design the three parameters Kp1, Ki, and Kd as well

as the orders λ, δ of the integral and derivative controllers. The orders λ, δ

need not necessarily be integers, and can be any real numbers. As shown

in Figure 4.1, the FOPID (fractional order PID) controller generalizes the

conventional integer order PID controller and expands it from point to plane.

This expansion can provide a great deal more flexibility in PID control design.
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Figure 4.1: FOPID controller

4.3.4 Operator-Based Fractional Order Robust Control
for Spiral-Plate Heat Exchanger with Uncertain-
ties and Disturbances

As a spiral heat exchanger is a nonlinear system with uncertainties, dis-

turbances, and a long delay time, it is difficult to improve the tracking

performance of the output temperature. While operator-based control is a

nonlinear control method to improve stability, tracking performance remains

poor. PID feedback control is widely used in application due to its simple

form and because it only required three parameters to be adjusted. FOPID,

with its five parameters, is an extension of conventional PID. Thus, FOPID is

more flexible than the conventional PID. The five cases for output tempera-

ture control of the presented spiral heat exchanger were designed to compare

tracking performance and stablity for uncertanities and disturbance, as shown

Figures 4.2–4.6.



4.3. FRACTIONAL ORDER CONTROLLER DESIGN 51

Figure 4.2: Operator-based fractional order robust control.

Figure 4.3: Operator-based fractional order robust control with FOPID
controller.

Figure 4.4: Fractional order robust control with FOPID controller.
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Figure 4.5: Operator-based fractional order robust control with PID controller.

Figure 4.6: Fractional order robust control with PID controller.

4.4 Simulations and Analysis

In this section, the five different cases are simulated and analysed in Matlab

with the same uncertainties and disturbances.

4.4.1 Simulation Conditions

Here, Table 4.1 shows the simulation parameters for the spiral-plate heat

exchanger. Table 4.2 denotes the simulation condition for the spiral-plate

heat exchanger. The reference output temperature is the output temperature
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of the cold fluid. The volume flow rate QL2 on the cold fluid side is the

disturbance signal; QL2 is changed from 1 L/Min to 7 L/Min in time 8s,
∆A

A
and

∆k

k
are the uncertainties of the spiral heat exchanger’s shape and

the heat transfer coefficient, respectively. The volume flow rate QL1 on the

hot fluid side is the control signal. Considering the actual condition, the

maximum input volume flow rate is 10 L/Min.

Table 4.1: Simulation parameters of the spiral-plate heat exchanger.

Meaning (Symbol) Value

The densities of the two fluids (ρc, ρh) 1000 Kg/m3

The specific heat capacities of two fluids (cc, ch ) 4.2 KJ/(Kg·◦C)
The input temperature of cold fluid (Tc,in ) 20 ◦C
The input temperature of hot fluid (Th,in) 50 ◦C
Thermal conductivity of SUS304 (λ ) 16.7 W/(m ◦C)
Heat transfer coefficients of two fluids (hh, hc) 366 W/m2· K
Uncertainty of the spiral heat exchanger’s shape (∆A ) 0.135
Uncertainty of the heat transfer coefficient ( ∆k) 732

Table 4.2: Simulation condition of the spiral-plate heat exchanger.

Meaning (Symbol) Value

Simulation time(t) [0, 15] s
Reference output temperature (Tc,r ) 40 ◦C
The orders for fractional order derivative (q) 0.97
The input temperature of cold fluid (Tc,in ) 20 ◦C
The input temperature of hot fluid (Th,in) 50 ◦C

Uncertainty of the spiral heat exchanger’s shape (
∆A

A
) 0.627

Uncertainty of the heat transfer coefficient (
∆k

k
) 0.07

4.4.2 Simulations and Analysis

The spiral counter-flow heat exchanger with uncertainties and disturbances

described by the special fractional order equation is both a first order or norm
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fractional order system and a nonlinear system. Thus, the parameters of

fractional order PID control cannot be tuned using the conventional tuning

method. The parameters of both the conventional and fractional order

PID control are tuned using a trial-and-error method. The first proportion

is adjusted, then derivative integrals are adjusted in turn until the best

parameters are derived. Tables 4.3–4.7 are the best controller parameters to

tune and the parameters of the operator controller.

Table 4.3: Tuning parameters for operator controller.

Meaning Symbol Value

Reference input temperature Tc,r 40 ◦C
The orders for fractional order derivative (q) 0.97
Gain of operator Kp1 10
Gain KM 4.0

Table 4.4: Tunning parameters for FOPID Controller with operator controller.

Meaning Symbol Value

Reference input temperature Tc,r 40 ◦C
The orders for fractional order derivative (q) 0.97
Gain of operator Kp1 10
Gain KM 4.0
Proportional gain Kp1 50
Integeral order λ 0.9
Integeral gain Ki 1.0
Differential order δ 0.95
Differential gain Kd 3.0
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Table 4.5: Tunning parameters for FOPID Controller without operator con-
troller.

Meaning Symbol Value

Reference input temperature Tc,r 40 ◦C
Proportional gain Kp1 50
Integeral order λ 0.9
Integeral gain Ki 1.0
Differential order δ 0.95
Differential gain Kd 3.0

Table 4.6: Tunning parameters for PID Controller with operator controller.

Meaning Symbol Value

Reference input temperature Tc,r 40 ◦C
The orders for fractional order derivative (q) 0.97
Gain of operator Kp1 10
Gain KM 4.0
Proportional gain Kp1 10
Integeral gain Ki 0.6
Differential gain Kd 0.05

Figure 4.7: Comparison of different control schemes.
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Table 4.7: Tunning parameters for PID Controller without operator controller.

Meaning Symbol Value

Reference input temperature Tc,r 40 ◦C
The orders for fractional order derivative (q) 0.97
Proportional gain Kp1 10
Integeral gain Ki 0.6
Differential gain Kd 0.05

It is obvious that the fractional order PID control with operator controller

has the best tracking performance compared to the others, as shown in

Figure 4.7. The overshoot and settle times for the fractional order PID

control with operator controller are shorter than for the fractional order PID

control without operator controller. The overshoot and settle times for the

conventional PID control with operator controller are smaller than for the

conventional PID control without operator controller.

Figure 4.8 shows that fractional order operator control can improve the sta-

bility when uncertainties and disturbances are present, although the tracking

performance and anti-disturbance are bad. Figures 4.9–4.12 show the control

performance, control signals, and tracking performance in the control process

for the five different control schemes with uncertainties and disturbances;

Tc, r, d, u, and Tc, out are the reference output temperature of the cold fluid

side, disturbance signal of the volume flow rate in the cold fluid side, control

signal of the volume flow rate on the hot fluid side, and output temperature

on the cold fluid side, respectively. The performance with operator-based

fractional order PID control is the best in terms of anti-disturbance and

stability compared to the other control schemes.



4.4. SIMULATIONS 57

Figure 4.8: Simulation of operator control.

Figure 4.9: Simulation of FOPID with operator.
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Figure 4.10: Simulation of FOPID without operator.

Figure 4.11: Simulation of PID with operator.
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Figure 4.12: Simulation of PID without operator.

4.5 Conclusion

In this dissertation, we have proposed operator-based fractional order nonlin-

ear robust control with uncertainties and disturbance. First, we introduced

the concepts of fractional order and the preliminaries of operator theory as

extended to fractional order and nonlinear fractional order equations. Then,

operator-based nonlinear fractional order controller design and fractional

order PID tracking controller design were covered and the parameters of

the operator controller and fractional order PID controller were determined.

Finally, the robust stability and tracking performance of the operator-based

nonlinear robust control system with uncertainties and disturbance were

analyzed via simulation in Matlab. However, the tuning parameters of the

fractional order controller continue to require adjustment offline or by hand,

and robust control performance requires continued research as well.
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Chapter 5

Operator-Based
Fractional-Order Nonlinear
Robust Control for the Spiral
Heat Exchanger Identified by
Particle Swarm Optimization

5.1 Introduction

In this chapter, an operator-based fractional-order nonlinear robust control

for the spiral heat exchanger described by a parallel fractional-order model is

proposed. The parallel fractional-order model for the spiral heat exchanger is

identified by PSO and the parameters of FOPID controller are optimized by

PSO.

In Section 5.2, problem statement is presented.

In Section 5.3, the parallel fractional-order model for the spiral counter-

flow heat exchanger is introduced. The parallel fractional-order model for

the spiral counter-flow heat exchanger is identified by PSO, with the least

squares method as the performance index.

In Section 5.4, an operator-based fractional-order nonlinear robust control

61
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for the spiral heat exchanger described by the identified parallel fractional-

order model is proposed. Then, the parallel fractional-order operator controller

is designed.

In Section 5.5, the parameters of the fractional-order PID controller are

optimized by PSO.

In Section 5.6, comparisons of two control schemes are performed to analyze

the tracking and antidisturbance performance for the spiral counter-flow heat

exchanger, and the effectiveness is verified.

5.2 Statement Problem

A spiral heat exchanger is a nonlinear system with uncertainties. It is

used widely in industry. In real application, the heated or cooled output

temperature should track a timely reference input temperature in variable

load conditions. However, the output temperature of the spiral heat exchanger

is difficult to control for nonlinearity, uncertainties, and many disturbances.

In conventional control methods, a PID controller is used to derive a good

control performance in slow or no disturbances. In real application, there are

many disturbances for the spiral heat exchanger, such as input temperature

and flow rate on the hot-fluid side, input temperature on the cold-fluid side.

Thus, due to the disturbances, control performance is poor in conventional

control methods.



5.3. FRACTIONAL-ORDER SYSTEM IDENTIFICATION 63

5.3 Fractional-Order System Identification for

the Spiral Heat Exchanger by PSO

5.3.1 Parallel Fractional-Order Model for the Spiral
Counter-Flow Heat Exchanger

Fractional-Order Model for the Spiral Counter-Flow Heat Ex-
changer

According to the law of heat energy balance of two fluids, the fractional-order

derivative model for the spiral-plate counter-flow heat exchanger is derived as

follows [45]. 
Dq1

θ Th(θ, t) =
(k + ∆k)FAZ

QL1chρh
(Tc(θ, t) − Th(θ, t)

Dq2
θ Tc(θ, t) =

(k + ∆k)FAZ

QL2ccρc
(Th(θ, t) − Tc(θ, t)

θ ∈ [0, 11π]

(5.1)

where k = δs
λ

, k + ∆k = 1
hh

+ δs
λ

+ 1
hc

, kc = ccρc, kh = chρh , and ∆T (θ, t)

= Tc(θ, t) − Th(θ, t). A =
√
a2 + b2, and A + ∆A=

√
a2 + (b + a ∗ 11π)2

F ∈ [1, 2], which is related to the plant of the spiral-plate heat exchanger.

ρc, ρh are the densities of the cold fluid and the hot fluid, respectively. cc, ch

are the specific heat capacities of the cold fluid and the hot fluid, respectively.

Parallel Fractional-Order Model for the Spiral Counter-Flow Heat
Exchanger

The parallel fractional-order model for the spiral-plate counter-flow heat

exchanger is described as follows.{
Thk = (∆θ)q1Dhfrac + BhThk−1

Tck = (∆θ)q2Dcfrac + BcTck−1

(5.2)
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where Thk, Thk−1, Dhfrac ∈ RN , Bh ∈ RN×N , Tck, Tck−1, Dcfrac ∈ RN , and

Bc ∈ RN×N

Thk =


Th(∆θ)

Th(2(∆θ))
...

Th(N(∆θ))

 (5.3)

Bh =


−Γ(q1+1)
Γ(2)Γ(q1)

0 . . . 0
Γ(q1+1)

Γ(3)Γ(q1−1)
−Γ(q1+1)
Γ(2)Γ(q1)

. . . 0
...

...
...

...
(−1)NΓ(q1+1)

Γ(N+1)Γ(q1−N+1)
(−1)(N−1)Γ(q1+1)
Γ(N)Γ((q1−N+1)

. . . −Γ(q1+1)
Γ(2)Γ(q1)

 (5.4)

Thk−1 =


Th(0)
Th(∆θ)

...
Th((N − 1)(∆θ))

 (5.5)

Bc =


−Γ(q2+1)
Γ(2)Γ(q2)

0 . . . 0
Γ(q2+1)

Γ(3)Γ(q2−1)
−Γ(q2+1)
Γ(2)Γ(q2)

. . . 0
...

...
...

...
(−1)NΓ(q2+1)

Γ(N+1)Γ(q2−N+1)
(−1)(N−1)Γ(q2+1)
Γ(N)Γ((q2−N+1)

. . . −Γ(q2+1)
Γ(2)Γ(q2)

 (5.6)

Tck =


Tc(∆θ)
Tc(2∆θ)

...
Tc(N(∆θ))

 (5.7)

Tck−1 =


Tc(0)
Tc(∆θ)

...
Tc((N − 1)(∆θ))

 (5.8)
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Therefore, the parallel fractional-order derivative model for the spiral-plate

counter-flow heat exchanger is obtained.
Thk = (∆θ)q1

FkZA

QL1chρh
(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
FkZA

QL2ccρc
(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(5.9)

where

H =


0 0 0 . . . 0 1
0 0 0 . . . 1 0
...

...
...

...
...

...
1 0 0 . . . 0 0

 (5.10)

C =
(

0 0 0 0 . . . 1
)

(5.11)

where C ∈ R1×N and H ∈ RN×N . The parallel fractional-order model for the

spiral counter-flow heat exchanger is a model with parallel input data.

5.3.2 Parallel Fractional-Order Model Identification for
the Spiral Heat Exchanger

The schematic block of the parameter estimation for a parallel fractional-order

model of the spiral counter-flow heat exchanger is shown in Figure 5.1.

Figure 5.1: The schematic block of parameter estimation for the parallel
fractional-order model of the spiral counter-flow heat exchanger.

The specific parameter estimation steps are follows.
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(1) Determine the searched spaces for the estimated model.

Let Kh =
FkZA

chρh
, Kc =

FkZA

ccρc
, then the parallel fractional-order model

for the spiral counter-flow heat exchanger derived from (5.9) is the model’s

identified object as follows.


Thk = (∆θ)q1

Kh

QL1

(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
Kc

QL2

(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(5.12)

The researched space vector is defined as

x = {q1, q2, Kh, Kc} (5.13)

where Kh, Kc are the model parameters and q1, q2 are the orders of the model.

The range of the model parameter (Kh, Kc) was set to be [0 10], and the

range of the model parameter (q1, q2) was set to be [0 2].

(2) Determine the performance index (evaluation function).

In this paper, the input flow rate of the hot-fluid side QL1, the input flow

rate of the cold-fluid side QL2, the input temperature of the cold-fluid side

Tcin, and the input temperature of the hot-fluid side Thin were introduced as

input signals of identified object. The sum of the squared errors between the

output T̂cout and the true value T̂cout,

J =

∫ T

0

[Tcout(t) − T̂cout(t)]
2dt (5.14)

was used as the performance evaluation function.
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(3) The parameters of the algorithm are initialized to generate random

search vectors.

(4) According to the steps of the PSO algorithm, the parameters in the

parallel fractional-order model are identified.

(5) The iteration is repeated until the performance index is satisfactory or

the sum of iterations go up to a maximum of 200.

The evolutionary curves of the estimated parameters are plotted in Figures

5.2–5.5.

Figure 5.2: Evolutionary curve of the estimation of Kc.
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Figure 5.3: Evolutionary curve of the estimation of Kh.

Figure 5.4: Evolutionary curve of the estimation of q2.
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Figure 5.5: Evolutionary curve of the estimation of q1.

The evolutionary curve of the performance index is plotted in Figure 5.6.

Figure 5.6: Evolutionary curve of the performance index.
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The comparison of the output value from the identification system and

the true value from the experiment is shown in Figure 5.7.

Figure 5.7: Comparison of the output value from the identification system
and the true value from the experiment.

5.4 Operator-Based Fractional-Order PID Non-

linear Robust Control for the Spiral Heat Ex-

changer

In this section, two control schemes were designed in order to verify the

tracking and antidisturbance performance of the operator-based fractional-

order PID nonlinear robust control of the spiral heat exchanger, as shown

Figures 5.8 and 5.9.
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Figure 5.8: FOPID controller with operator.

Figure 5.9: FOPID controller without operator.

5.4.1 Parallel Fractional-Order Model for the Spiral
Heat Exchanger with Uncertainties

The heat transfer coefficient of the spiral heat exchanger plant k̃ is a rela-

tionship between not only the flow velocity of water, but also others. We
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know that the spiral heat exchanger model is nonlinear. Therefore, the spiral

heat exchanger model is nonlinear system with uncertainties. The nonlinear

fractional-order equations for the spiral heat exchanger model are described

as follows. 
Thk = (∆θ)q1

Kh

QL1

(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
Kc

QL2

(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(5.15)


Thk = (∆θ)q1

(k + ∆k)ZA1

QL1chρh
(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
(k + ∆k)ZA2

QL2ccρc
(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(5.16)

k =
δs
λ

(5.17)

where ∆k are the uncertainties for the spiral heat exchanger.

5.4.2 Operator-Based Controller Design

In Figure 5.10, we show an operator nonlinear control system, where operators

V and Y are the input and output spaces of this plant. Let (N, D) be the right

factorization of P. The feedback nonlinear control system shown in Figure

5.10 is BIBO stable if there exist two stable operators A: Y → V, B: V → V

(B is also invertible) satisfying Bezout’s identity equation.
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Figure 5.10: Nonlinear feedback control system with uncertainties. The plant
P is a nonlinear system with uncertainty ∆N , r∗ is the reference input signal.

AN + BD = M (5.18)

where M is a unimodular operator. Considering the uncertain term in the

nonlinear system, with the designed operators A and B in Figure 5.10, the

following equation could be satisfied.

∥A((N + ∆N) − AN)M−1∥Lip < 1 (5.19)

where ∥•∥Lip is a Lipschitz norm. Then, the nonlinear feedback control system

has robust stability and M is a unimodular operator. The mathematical

modeling P̃ considering the uncertain term ∆P can be given for the the spiral

heat exchanger system as follows.

P : 
Thk = (∆θ)q1

kZA1

QL1chρh
(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
kZA2

QL2ccρc
(HThK−1 − TcK−1) + BcTck−1

Tcout = CTck

(5.20)
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Ks :

Thk−1 =


0 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
...

...
...

0 0 . . . 1 0

Thk +


1
0
0
...
0

Thin (5.21)

Tck−1 =


0 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
...

...
...

0 0 . . . 1 0

Tck +


1
0
0
...
0

Tcin (5.22)

where Z−1 denotes a time delay of one sample period.

P + ∆P :
Thk = (∆θ)q1

(k + ∆k)ZA1

QL1chρh
(HTcK−1 − ThK−1) + BhThk−1

Tck = (∆θ)q2
(k + ∆k)ZA2

QL2ccρc
(HThK−1 − ITcK−1) + BcTck−1

Tcout = CTck

(5.23)

The plant can be right-coprime-factorized as follows.

N + ∆N : W → Y

Tck = (∆θ)q2
(k + ∆k)ZA2

QL2ccρc
(Hw − TcK−1) + BcTck−1 (5.24)

D−1 : V → W

w = (∆θ)q1(
kA1Z

QL1chρhδh
(HTcK−1 − ThK−1)) + BhThk−1 (5.25)

The operator-based feedback control system is shown in Figure 5.8. The

operators A and B were designed as follows.
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A : Y → V

b = (1 −Kp)H
−1[Tck−1 +

QL2ccρc
(∆θ)q2ZkA2

(T̂ck − BcTck−1)] (5.26)

T̂ck =
Tcout

Tck(end)
Tck (5.27)

B−1 : V → V

QL1 = (∆θ)q1kp
ZkA1(HTcK−1 − ThK−1)

chρh(e− BhThk−1)
(5.28)

Operators A and B−1 were designed to satisfy the Bezout identity and kp

is the gain to be determined.

∥A((N + ∆N) − AN)M−1∥Lip < 1 (5.29)

5.4.3 Fractional-Order Tracking Controller Design

The differential equation of fractional-order controller PIλDδ is described as

follows.

q(t) = Kp1e(t) + KiD
−λ
t e(t) + KdD

δ
t e(t) (5.30)

It is obvious that the fractional-order controller not only need three pa-

rameters Kp1, Ki, and Kd, but also two orders λ, δ of integral and derivative

controller. The orders λ, δ are not necessarily integers, but any real numbers.

As shown in Figure 5.11, the FOPID (fractional-order PID) controller gener-

alizes the conventional integer-order PID controller and expands it from a

point to a plane. This expansion could provide much more flexibility in PID

controller design.
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Figure 5.11: PID controller with the fractional orders.

5.5 Parameter Optima for Fractional-Order

PID Controller

The specific parameter estimation steps were follows.

(1) Determine the searched spaces for the fractional-order PID controller.

The researched space vector was defined as

x = {Kp, Ki, Kd, λ,µ} (5.31)

where Kp, Ki, Kd are the gains and λ, µ are the orders. The range of the

model parameter (Kp, Ki, Kd) was set to be [0 100], and the range of the

model parameter (λ, µ) was set to be [0 1].

(2) Determine the performance index (evaluation function).

For determining the optimum values of the gains of the controller, the

integral of time multiplied by the absolute value of the error (ITAE), the
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integral of the absolute value of the error (IAE), the integral of time multiplied

by the squared error (ITSE), and the integral of the squared error (ISE) were

taken as objective functions. The expression for these error functions are

given below:

ITAE =

∫ T

0

t|Tcr(t) − Tcout(t)|dt (5.32)

IAE =

∫ T

0

|Tcr(t) − Tcout(t)|dt (5.33)

ITSE =

∫ T

0

t(Tcr(t) − Tcout(t))
2dt (5.34)

ISE =

∫ T

0

(Tcr(t) − Tcout(t))
2dt (5.35)

where Tcout is the output temperature, Tcr is the reference input temperature,

and T is the time range of the simulation. In this paper, The ITSE was used

as the performance evaluation function.

(3) The parameters of the algorithm are initialized to generate random

search vectors.

(4) According to the steps of the PSO algorithm, the parameters of fractional-

order PID

controller are identified.

(5) The iteration is repeated until the performance index is satisfactory or

the sum of iterations is maximal.

The evolutionary curves of the estimated parameters are plotted in Figures

5.12,5.13,5.15,5.16. The evolutionary curves of the performance index are

plotted in Figure 5.14, 5.17.
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Figure 5.12: Evolutionary curve of estimated parameters (Kp, Ki, Kd) for
FOPID controller with operator.

Figure 5.13: Evolutionary curve of estimated parameters (λ, µ) for FOPID
controller with operator.
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Figure 5.14: Evolutionary curve of the performance index for FOPID controller
with operator.

Figure 5.15: Evolutionary curve of estimated parameters (Kp, Ki, Kd) for
FOPID controller without operator.
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Figure 5.16: Evolutionary curve of estimated parameters (λ, µ) for FOPID
controller without operator.

Figure 5.17: Evolutionary curve of the performance index for FOPID controller
without operator.
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5.6 Analysis of Performance on Tracking and

Antidisturbances for the Spiral Heat Ex-

changer with Disturbances

In this section, the performance of the temperature control system for the

spiral heat exchanger is analyzed. Two control schemes were simulated as

shown in Figures 5.8 and 5.9.

5.6.1 Tracking Performance for the Spiral Heat Ex-
changer with Disturbances

In the simulation, a reference input signal Tr was decreased from 35 oC to

30 oC in 20 s; then, the reference input signal Tr was up to 35 oC. Figure

5.18 shows the operator-based fractional-order PID control scheme has better

tracking performance than the fractional-order PID control scheme without

operator. There is a small overshoot and a short settling time.

Figure 5.18: Tracking performance for the fractional-order spiral counter-flow
heat exchanger.
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5.6.2 Antidisturbance Performance for the Spiral Heat
Exchanger

In real application, if the input flow rate of the hot-fluid side QL1 is as

control input, then the input temperature of the cold-fluid side Tcin, the input

temperature of the hot-fluid side Thin, and the input flow rate of the cold-fluid

side QL2 are three disturbances of the heat exchanger.

In the simulation, the disturbance signal Tcin was decreased from 20 oC

to 15 oC in 20 s, Thin was decreased from 50 oC to 45 oC in 20 s, and QL1

was decreased from 5 L/Min to 3 L/Min in 20 s. Figures 5.19–5.21 show the

operator-based fractional-order PID control scheme has better antidisturbance

performance than the fractional-order PID control scheme without operator.

Figure 5.19: Antidisturbance performance to the input temperature of cold-
fluid side.
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Figure 5.20: Antidisturbance performance to the input temperature of the
hot-fluid side.

Figure 5.21: Antidisturbance performance to the input flow rate of cold-fluid
side.
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5.7 Conclusion

This chapter proposed operator based nonlinear fractional order robust control

for the spiral counter-flow heat exchanger described by a parallel fractional-

order model in order to improve the tracking performance and antidisturbance

ability. The parallel fractional-order model for the spiral counter-flow heat

exchanger was identified by PSO and the parameters of the fractional-order

PID controller were optimized by PSO. First, the parallel fractional-order

mathematical model for the spiral heat exchanger plant was identified by PSO.

Second, the operator controller for the spiral heat exchanger was designed

under the identified parallel fractional-order model was designed. Third, the

parameters of the operator- and fractional-order-based PID controller were

optimized by PSO. The tracking and antidisturbance performances of the

control system were analyzed. Finally, comparisons of two control schemes

were performed, and their effectiveness was illustrated.



Chapter 6

Conclusions

In this dissertation, a sapiral heat exchanger described by a parallel fractional

order model with many uncertainties and disturbances is conducted. Operator

& fractional order based noninear rubust contol for the spiral heat exchanger

is proposed for improving control performnce.

In Chapter 2, the fractioal order preliminaries and operator theoretical

background to remaining the following chapters of this dissertation is given.

It also presents a spiral heat exchanger.

In Chapter 3, a parallel fractional order derivation model is proposed

by considering the merit of the graphics processing unit (GPU). Then, the

parallel fractional order derivation model for the spiral-plate heat exchanger

is constructed. Simulations show the relationships between the output tem-

perature of heated fluid and the orders of fractional order derivatives with

two directional fluids impacted by complex factors, namely, the volume flow

rate in hot fluid, and the volume flow rate in cold fluid, respectively.

Chapter 4 studies operator & fractional order based nonlinear robust

control for the spiral counter-flow heat exchanger with uncertainties under

disturbances. Operator fractional order controller and fractional order PID

(FOPID) controller are designed and some parameters are tuned by trial-and-

error method. Simulations verify tracking and anti-disturbance performance
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by comparison of different control cases.

In chapter 5, operator based nonlinear fractional order robust control for

the spiral heat exchanger described by a parallel fractional order model is

proposed. The parallel fractional order model for the spiral heat exchanger is

identified by PSO. Fractional order PID controller and operator controller for

the spiral heat exchanger are design under parallel fractional order mathe-

matical model. The parameters of FOPID controller are optimized by PSO.

Finally, comparisons of two control cases are performed, and the effectiveness

is illustrated.

In Chapter 6, the proposed operator & frctional order based robust

nonlinear control for the spiral heat exchanger are summarized. Simulations

and/or experiments have confirm their effectiveness.
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Licea, Fractional-order approximation of PID controller for buck–boost

converters, Micromachines, vol. 12, no. 6, pp. 1–16, 2021.

[55] P. Mercader, A. BañosA, PI tuning rule for integrating plus dead time

processes with parametric uncertainty, ISA Transactions, vol. 67, pp.

246–255, 2017.

[56] K. Ghousiya Begum, A. Seshagiri Rao, T.K. Radhakrishnan, Enhanced

IMC based PID controller design for non-minimum phase (NMP) in-

tegrating processes with time delays, ISA Transactions, vol. 68, pp.

223–234, 2017.

[57] B. Yang, T. Yub, H. Shua, D. Zhua, N. An, Y. Sang, L. Jiang, Energy

reshaping based passive fractional-order PID control design and imple-

mentation of a grid-connected PV inverter for MPPT using grouped grey

wolf optimizer, Solar Energy, vol. 170, pp. 31–46, 2018.

[58] S. Das, I. Pan, S. Das, A. Gupta, Improved model reduction and tuning

of fractional-order PIλDµ controllers for analytical rule extraction with

genetic programming, ISA Transactions, vol. 51, pp. 237–261, 2012.
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Appendix A

A spiral heat exchanger plant

A.1 A Spiral Heat Exchanger Plant

A spiral heat exchanger is shown in Figure A.1. This design has many merits,

such as a highly efficient heat transfer, small size in comparison to other heat

exchangers, and self-cleaning capability thanks to the unique spiral structure.

Figure A.1: A spiral heat exchanger plant.

The spiral heat exchanger is an piece of excellent heat transfer equipment;

however, its complex inner structure makes it difficult to built an accurate
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mathematical model. Generally, the logarithmic mean temperature difference

method is used, however, control performance is bad. We considered using

a fractional order derivative equation to describe a spiral heat exchanger.

Figure A.2 shows a cross-section of the inner structure of the spiral-plate

heat exchanger, where δh , δc, and δs represent the width of hot fluid, the

width of cold fluid and the width of solid wall, respectively. In this paper,

the inner cold fluid, as shown in Figure A.2, is divided into a micro-volume.

A fractional order derivative equation is constructed by considering the heat

balance of the two fluids.

r = b + a · θ, θ ∈ [0, 11π] (A.1)

The geometric parameters of the spiral-plate heat exchanger are denoted

in Table A.1.

Table A.1: Parameters of the spiral-plate heat exchanger.

Meaning Symbol Value

Geometric parameter of a spiral function a 0.005
π

m/rad
Initial radius of hot fluid side b 0.08 m
Spiral function angle of the spiral-plate heat exchanger θ [0, 11π]
The width of hot flow channel δh 0.005

m
The width of cold flow channel δc 0.005

m
The width of solid wall δs 0.0018

m
The height of the spiral-plate heat exchanger Z 0.011

m
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Figure A.2: Cross-section of the inner structure of the spiral-plate heat
exchanger.

Heat exchangers are typically classified into parallel-flow and count-flow

types based on their arrangement. In the parallel-flow type, both the input

and the output of the two directional fluids (one a hot fluid, the other a cold

fluid) flow in the same direction. In a counter-flow heat exchanger, the hot

fluid and cold fluid flow in opposite directions. In this paper, we study a

fractional order derivative model of a spiral counter-flow type heat exchanger.
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