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Chapter 1  Introduction 

1.1 Background 

1.1.1 History of machine tool 

There are all kinds of indispensable industrial products in our modern lives, such as, 

mobile phones, personal computers, automobiles, aircraft, etc. However, the progress of 

machine tools is not well known, which is closely related to the background of such rich 

industrial products around us. 

A machine tool is defined in JIS [1] as a machine involving cutting, grinding, using 

electricity or other energy to remove unnecessary parts from the original shape and get a 

required shape. Almost all of the machining products in the manufacturing industry and the 

traffic industry are made with the machine tool. In addition, plastic parts of a mobile phone 

or a personal computer and molds for forged parts are also machined by the machine tool. 

Because the machine tool is used to make other machines directly related to our daily lives, 

it is called “mother machine”. 

As the mother machine, the machine tool was further developed in the 19th century in 

the United States. With the development of the weapons industry needed by the 

Revolutionary War and the Civil War, machine tool for mass production was available, 

such as milling machines (Eli Whitney, 1827), grinding machines (Brown & Sharp, 1868), 

turret lathes (Ramson), and automatic lathes (Spencer). 

After World War Ⅱ, the machine tool has achieved rapid growth with the emergence 

of Numerical Control (NC). The first NC milling machine was developed by the 

Massachusetts Institute of Technology in 1952. The design idea is to control each axis of 

the machine tool with a pulse and generate a control pulse on each axis to cut to the desired 

contour. The relative position between the tool and the workpiece, which is conventionally 

controlled with turning the handle by the operator, can be automatically performed by 

incorporating a servo system. Therefore, it is possible to process various complex curved 

surfaces by controlling multiple axes at the same time. Furthermore, it also becomes 

possible to repeatedly produce the same product multiple times by using the same NC 

program. 
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With the advancement of computer technology, the NC machine tool has been further 

developed and the computerized NC (CNC) machine tool becomes mainstream at present. 

There are various types of CNC machine tools, and a machining center is a typical one of 

them. A machining center is defined in JIS [1] as a CNC machine tool that has an 

automatic tool change function and performs various processes without replacing the 

workpiece. Therefore, it is no longer necessary to move the workpiece for each process 

with the emergence of a machining center. The delivery time is shortened. Moreover, the 

machining accuracy is improved since there is no misalignment of the workpiece among 

various processes. 

With the increasing demand for automation, a multi-axis machining center is popular 

in machining parts with complex geometric structures and sculptured surfaces in recent 

years. A multi-axis machining center is a numerically controlled machine tool that has a 

swivel axis in addition to a straight axis and controls not only the relative position but also 

the relative angle of the tool and the workpiece. Among multi-axis machining centers, the 

five-axis machining center with tilt rotary axes added to a three-axis machining center that 

has three straight axes (X, Y, Z) has been widely used in many production factories. 

The five-axis machining center has various structural forms based on the location of 

the swivel axis [2]. The structural configuration can be divided into three types shown in 

Fig. 1.1, which are tilting rotary table type with two rotary axes in the workpiece side (Fig. 

1.1 (a)), universal head type with two rotary axes in the spindle head (Fig. 1.1 (b)), swivel 

head and rotary table type with one swivel axis in the spindle head and one rotary axis in 

the workpiece side (Fig. 1.1 (c)). They are applied differently depending on the products 

manufactured. 

 

 
(a) Tilting rotary table type (b) Universal head type 
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(c) Swivel head and rotary table type 

Figure 1.1 Typical three types of five-axis machining center 

 

The tilting rotary table type, a miniaturized structure of five-axis machining center, is 

suitable for machining relatively small parts such as mold, etc. The universal head type is 

large itself, and it is used to process aircraft parts. The middle-size parts are usually 

machined by the swivel head and rotary table type. 

1.1.2 Development of multi-tasking machine tool 

Today’s consumers not only demand diversified products but also expect that the 

manufacturing life cycles will become shorter. As the final product becomes more and 

more complex, the key is to develop a machine tool that can handle the great complexity of 

various processes during manufacturing the products. A multi-tasking machine tool is paid 

more attention to for coping with this situation. 

In order to perform various processes with one machine tool, the multi-tasking 

machine is an extremely high-performance machine tool that fuses together the 

technologies of a lathe and a machining center, and it has not only the turning function by a 

rotary table but also the milling, drilling, boring, etc. functions by using a swivel spindle. 

A practical multi-tasking machine tool that combines lathe and machining center 

technologies was born in 1983 at Yamazaki Mazak Corporation in Japan. A turret lathe was 

adopted to proceed with the development of a turret mill method, which combined the 

turret lathe with a milling tool to achieve the turning and milling functions. The “Slant 

Turn 40N Mill Center” [3] was developed in 1981, shown in Fig. 1.2. The mill was driven 

by a DC motor with large output, and a tool was incorporated in the holder to implement 4-

inch surface milling. Therefore, this machine tool was a lathe capable to perform surface 
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milling. However, interference between the lathe and the mill occurred sometimes, and the 

number of tools was limited to ten. 

 

 

Figure 1.2 Slant Turn 40N Mill Center [3] 

 

In order to perform full-scale machining such as milling and end mill machining by 

the multi-tasking machine tool, the design route was changed from the turret mill method 

to the ATC method. The “Slant Turn 25ATC Mill Center” was developed by the ATC 

method.  

The “Integrex 50, 70” developed in 1994 has realized the improvement of milling 

capacity and an increase in the number of tools. This machine tool has become a mature 

multi-tasking machine tool beyond the definition of a turning center. 

The “Integrex 200SY” developed in 1997 has realized the addition of B axis. By 

adding the rotary B axis, it has become a five-axis controlled multi-tasking machine tool. It 

is possible to efficiently process three-dimensional complex shapes, such as turbine blades 

for the aircraft industry. Furthermore, a second spindle has been added, which makes 

continuously machining by moving the workpiece from the main spindle to the second 

spindle. It can also complete the entire machining process of a long workpiece. The multi-

tasking machine tool is put into mass production every year and used in various industries 

around the world. 

1.1.3 Issue of multi-tasking machine tool 

The multi-tasking machine tool is defined in JIS [1] as a numerically controlled 

machine tool that can perform multiple processing such as turning, drilling, thread cutting, 

and pendulum, which is equipped with a rotary spindle, a workpiece table capable of 
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continuous indexing, and a tool magazine with the automatic tool change function. Figure 

1.3 shows an example of the multi-tasking machine tool. 

 
Figure 1.3 Example of multi-tasking machine tool [1] 

 

In order to allow the tool to tilt relative to the workpiece at various angles, B axis is 

added to the multi-tasking machine tool. Through adjusting the orientation of the cutting 

tool with respect to the workpiece, more possible cutter paths can be provided without any 

special jigs or special tools. The multi-tasking machine tool offers notable benefits in 

producing twisted ruled surfaces such as an impeller and a turbine blade because of the 

additional rotary degrees of freedom. 

However, the motion accuracy of the tool center point is inevitably hard to be 

guaranteed since the movement of the multi-tasking machine tool is complicated. 

Compared to the conventional three-axis machine tool, the multi-tasking machine tool with 

two additional rotary axes has a large number of axes. Thus, it will inevitably bring more 

additional errors to influence the accuracy of the machine tool. In general, it is said that the 

mechanical elements causing a rotation, such as a rotary table and a trunnion mechanism, 

are inferior to a linear motion mechanism in terms of the accuracy and the motion 

performance [4]. It has also been clarified that since the worm gears and direct drive 

motors are used in the rotating shafts of the multi-tasking machine tool, the gear 

engagement and the motor cogging cause the vibration in the rotary direction. In addition, 

it is necessary to consider the synchronization error between the translational axis and the 

rotary axis when the machining is controlled by multiple axes at the same time. 

The geometric errors exist inevitably between each axis during the process of the 

manufacturing and assembling of the machine tool. Since two rotary axes are added to 

three translational axes to compose the multi-tasking machine tool, many geometric errors 

related to the rotary axis will affect the accuracy of the machine tool. Therefore, the 

geometric errors to be considered not only refer to the straightness and perpendicularity of 
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three translational axes, but also include the perpendicularity and parallelism between the 

translational axis and the rotary center of the swivel axis, the perpendicularity and 

positional error between two centerlines of swivel axes. 

Until now, there is not a unified standard to measure and evaluate motion accuracy 

after assembling the multi-tasking machine tool. In order to improve the accuracy of multi-

tasking machine tool, an evaluation method for the geometric error is required to be 

studied. The straightness and perpendicularity of each translational axis in the three-axis 

machine tool are evaluated based on the measurement results of static geometric accuracy 

[5], positioning accuracy [6], and circular motion tests [7]. However, as mentioned above, 

the evaluation method for the geometric errors related to the rotary axis are still in the 

research stage. The machine tool manufactures can only inspect the shape accuracy for 

each component of the machine tool. They think if the shape accuracy of each component 

is guaranteed, the position error of tool center point will not be very large after assembling 

the whole machine tool. They measure and correct the geometric errors related to the rotary 

axis according to the experience of the operator by the method of each manufacturer. Some 

manufacturers refer to ISO 13041-5: 2015, Annex A to measure and evaluate the motion 

accuracy, which is a kinematic test for numerically controlled horizontal turning center, 

because they regard the multi-tasking machine tool as a turning center with milling spindle, 

considering the milling spindle as a turret. But they can’t measure the milling spindle, only 

measure the rotary table. Some makers refer to ISO 10791-6: 2014, Annex C, which is a 

kinematic test for a five-axis machining center with a swivel head and/or a rotary table. 

They think that the multi-tasking machine tool is similar with a five-axis machining center 

that has one rotary axis on the workpiece side and one swivel axis on the tool side. 

However, the total measurement about the geometric deviations of the rotary table and the 

swivel milling spindle is not specified. At present, there is no uniform standard to evaluate 

all of geometric errors existing in the multi-tasking machine tool. Therefore, it is necessary 

to study and establish an effective measuring procedure to fully compensate the geometric 

deviations of the rotary table and the swivel spindle on the positioning accuracy of tool 

center point for the multi-tasking machine tool. 

1.2 Error sources affecting the accuracy 

1.2.1 Error sources in multi-tasking machine tool 

There is a vast number of error sources which will affect the accuracy of the multi-

tasking machine tool. These error sources can cause a geometric deformation of the 
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components present in the structural loop of the machine tool. In a multi-tasking machine 

tool, many components constitute the structural loop, which are the spindle, bearings and 

spindle housing, the machine head stock, the machine slideways and frame, the fixtures for 

holding the tool, and workpiece [5]. If there is any change in geometry of these 

components, the actual position and orientation of the tool relative to the workpiece differs 

from the required position and orientation. Thus, the accuracy of the machine tool is 

influenced greatly. 

The major error sources can be categorized into quasi-static errors and dynamic errors, 

shown in Table 1.1. 

The quasi-static errors refer to those between the tool and the workpiece which are 

related to the structure of the multi-tasking machine tool and varying with time slowly [9]. 

These sources include the geometric and kinematic errors, errors because of the dead 

weight of the machine tool’s components, and those caused by thermally induced strains in 

the machine tool structure. On the other hand, the dynamic errors refer to those caused by 

spindle error motion, vibrations of the machine structure, controller errors etc. These 

sources are almost dependent on the particular operating conditions of the machine tool. 

Quasi-static errors account for approximately 70% of the total error budgeting of a 

machine tool [8]. Therefore, they are the major contributors to the inaccuracy of the multi-

tasking machine tool. 

 

Table 1.1 Error proportions of a multi-tasking machine tool [8] 
Characte
ristic 

Type Emerging 
stage 

Proport
ion (%) 

Total 
proport
ion 
(%) 

Quasi-
static 
errors 

Geometric error Machine 
itself 

20-30 45-65 
Thermal deformation error 25-35 

Dynamic 
errors 

Tool error During the 
cutting 
process 

10-15 25-40 
Fixture error 6-10 
Cutting force deformation error on 
workpiece and tool 

3-5 

Others (Servo tracking error, etc.) 6-10 
- Fixture error of measurement device During the 

detecting 
process 

8-10 10-15 
others 2-5 
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Geometric error is formed during the manufacturing and assembling, since the 

imperfections of the geometries and dimensions of machine tool components and axis 

misalignments or flaws in the machine tool measuring system are inevitable. About 75% of 

the initial errors of a new multi-tasking machine tool are due to deficiencies in the 

manufacture or assembly. The machine tool structures yield geometric deformations are 

caused by different factors including the weight of the workpiece and moving slides 

because of the limited structural stiffness [10]. There are various components in the 

geometric error, such as linear displacement error (positioning accuracy), straightness and 

flatness of movement of the axis, spindle inclination angle, squareness error, backlash error 

etc. [11]. They will cause the defect and inaccuracy during manufacturing and assembling 

processes. The geometric error is regarded as constant over short-term time intervals 

although it can be subject to change because of wear and a limited long-term stability of 

the machine tool components. Therefore, the geometric error is considered to constants 

during measuring and calibration of the machine tool. 

Thermal deformation of the machine tool components is another major error which 

will affect the accuracy of the multi-tasking machine tool. The reference temperature of 

operating the multi-tasking machine tool is defined as 20℃ in the ISO standard [12]. 

However, the temperature distribution of the machine tool’s structural loop differs from the 

reference temperature since the internal and external heat sources exist in the multi-tasking 

machine tool. Such heat sources are usually generated by friction in spindle bearings, gear 

boxes, joints, drives, the machining process, electronic and hydraulic systems, the operator, 

and environment temperature [10,13]. Therefore, the relative position and orientation 

between the tool and the workpiece change due to the significant expand of the materials 

used in the multi-tasking machine tool with the temperature. Because the thermal 

deformation changes slowly without high frequency, the requirement of real-time 

performance can be lowered in CNC compensation [8]. 

The dynamic errors also have a direct impact on the geometric accuracy of the 

machined production surfaces besides the quasi-static errors, shown in Table 1.1. Dynamic 

errors vary relatively fast in time and are caused by a number of reasons including 

vibrations of the machine and its environment, faulty motion control, axes 

accelerations/decelerations and jerk [14]. Cutting force is the major factor to generate 

internal vibration and affect the surface finish of the machined product. During the cutting 

process, a light cut is generally more accurate than a heavy cut due to the influence of the 

dynamic stiffness of the structure on the finishing quality. Therefore, dynamic simulation 

and analysis are necessary for the machine tool design stage to ensure that the natural 
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frequency and damping factors of the machine tool should avoid the resonance frequency 

range of most cutting processes. 

Viewing from Table 1.1, geometric error and thermal deformation error takes a high 

proportion (about 70%) in the total machining error, although there are some other slight 

errors affecting the accuracy [15,16]. In this thesis, the objective is to establish an 

identification and compensation method for describing the geometrical induced errors of 

the multi-tasking machine tool, while the other errors are ignored. 

1.2.2 Definition of geometric errors 

A rigid body has six degrees of freedom in a three-dimensional space based on the 

rigid body kinematics [17,18]. These six degrees of freedom refer to three translational 

degrees and three rotational degrees, which can determine the position and orientation of a 

rigid body in the three-dimensional space. Correspondingly, there is a component error for 

each degree of freedom, shown in Fig. 1.4. In this figure, the angular error around the X, Y, 

and Z axes is represented by α, β, and γ, and the positional error in the X, Y, and Z axes is 

represented by δx, δy, and δz.  

 

Figure 1.4 Six degrees of freedom 

 

A classification has been proposed to distinguish the geometric error according to 

different defects, which are the position-dependent geometric errors (PDGEs) and position-

independent geometric errors (PIGEs). As the name implies, the value of position-

dependent geometric error (PDGE) is dependent on the different positions. Regarding the 

rigid body behavior, it is assumed that the PDGE relies on the position of the moving 

object with respect to a predefined reference and the PDGE is only a function of its 

nominal movement [19]. The PDGEs are caused by the manufacturing defects between the 

moving couples. Thus, the accuracy of the movement is decreased due to the exist of the 
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PDGEs. 

The PDGEs cannot be considered as constants since they change from position to 

position. On the contrary, position-independent geometric errors (PIGEs), appearing during 

assembling process, are modelled as constants no matter where they occur because they 

can cause constant deviations of the position and orientation of the axis. In this thesis, the 

PIGEs of a multi-taking machine tool are focused on. The PIGEs compositions for 

translational and rotary axes are explained as follows. 

 

 
Figure 1.5 PIGEs of a linear axis (Z axis) [5] 

Figure 1.5 shows a prismatic joint which is moving along Z axis. A straight line fitting 

the measured points is considered as the reference straight line [5]. The reference straight 

line represents the actual condition of the axis, which is calculated by least squares method. 

The position and orientation errors can be determined by the reference straight line with 

respect to the nominal coordinate system. 𝛼Z  and 𝛽Z  are squareness errors, which are 

angles between Z axis and the projections of the reference straight line on the YZ and XZ 

planes, respectively. 𝛿𝑧Z is a linear zero positioning error of the axis. Since it exists along 

the axis nominal moving direction, 𝛿𝑧Z can be compensated by adjusting the numerical 

parameters in a numerical controlled machine tool.  
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Figure 1.6 PIGEs of a rotary axis (A-axis) [5] 

 

Figure 1.6 shows the composition for the geometric error of A axis. There are five 

PIGEs for each rotary axis, which are two position errors, two orientation errors, and one 

angular zero positioning error. Similar with the above analysis of linear axis, the angular 

zero positioning error can be compensated in the encoder or the numerical controller. 

Therefore, in terms of rotary axis, four PIGEs should be taken into consideration. 

1.3 Previous research on geometric errors of five-axis 
machining center 

Identifying the geometric error by using a measurement instrument is the first step to 

improve the accuracy of the machine tool. To identify the geometric error, there are two 

kinds of error models to simulate the error influence: one is developed from the 

trigonometric relationship for geometric modelling, which is effective for three-axis 

machine tool. And the other one is based on the rigid body kinematics theory from the 

robotics, which is suitable for a five-axis machining center or a multi-tasking machine tool. 

The multi-tasking machine tool is constituted of several moving linkages and the machine 

tool errors are caused by the linkage errors and motion errors. In order to express the 

geometric error conventionally and model the structure of machine tool simply, the 

homogeneous transformation matrices (HTMs) related to the rigid body kinematic theory 

are adopted widely to express the geometric errors in translational and rotary axes [20,21]. 

Thus, the position and orientation of the tool with respect to the workpiece can be obtained 

by a sequential multiplication of the HTMs containing geometric errors according to the 

order of the kinematic chain of the targeted machine tool. 

After identifying the geometric error, it is necessary to use certain measuring 
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techniques to determine them. Until now, the ball bar, R-test, a touch-trigger probe or a 

tracking interferometer [22,23] has been proposed and widely used by many researchers to 

measure the geometric error of a five-axis machining center. 

Mayer et al. [24] proposed five tests by the ball bar with a single setup to assess the 

axis motion errors of a trunnion-type A-axis. And an error model containing cubic 

polynomial functions and modified qualitative variables, for hysteresis modeling, was also 

proposed to identify geometric and hysteretic errors of the three nominally orthogonal 

linear axes machine [25]. In the literature [26], Mayer et al. also estimated all axis to axis 

location errors and some axis component errors of a five-axis horizontal machining center 

by probing a scale enriched reconfigurable uncalibrated master balls artefact. 

Lei et al. [27,28] presented a new method by using the ball bar to inspect motion 

errors of the rotary axes of a five-axis machine tool. It was concluded that the servo 

mismatch of the rotary axes was successfully detected by a particularly circular test path 

which only caused the two rotary axes to move simultaneously and kept the other three 

linear axes stationary.  

Lee et al. [29] used the ball bar to measure the position-independent geometric errors 

(PIGE) of a five-axis machining center and verify them through numerical compensation. 

And the setup errors of ball bar were modeled to increase the estimation accuracy [30]. 

Besides that, parallelism errors between the spindle axis and the linear axis of machine tool 

were also measured [31]. 

Tsutsumi et al. [32] proposed an algorithm for identifying particular deviations 

relating to rotary axes in five-axis machining centers. In the literature [33], Tsutsumi et al. 

applied the ball bar to diagnose the motion accuracy of simultaneous four-axis control 

movements for identifying the eight deviations inherent to five-axis machining centers. 

Tsutsumi et al. [34] also investigated the kinematic accuracy of five-axis machining centers 

with a tilting rotary table by two different settings of the ball bar in simultaneous three axis 

motion. They corrected the squareness deviations of three translational axes for identifying 

the geometric deviations inherent to five-axis machining centers with an inclined A-axis 

[35]. In the literature [36], they also proposed an additional method for identifying the 

geometric deviations inherent to five-axis machining centers with a universal spindle head. 

Zhang et al. [37] proposed a novel ball bar measuring method, in which only the C 

axis rotated. But unfortunately, it could only evaluate five position-dependent geometric 

errors (PDGE) of the C axis. Khan et al. [38] developed a ball bar methodology that was 

capable of evaluating five errors out of the six error components in rotary axes. Xiang et al. 

[39] proposed three measuring patterns by using the ball bar for identifying eight PIGEs on 
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the rotary axes of a five-axis machine tool, in which the translational axes were kept 

stationary and only two rotary axes moved to obtain a circular trajectory. Chen et al. [40] 

presented an identification model of geometric errors based on the homogeneous matrix 

and verified the method by measuring geometric errors of a four-axis machining center by 

a double ball bar. 

Ibaraki et al. [41,42] identified the kinematic errors of five-axis machining centers by 

developing a simulator and a set of machining tests. The simulator graphically presented 

the influence of rotary axis geometric errors on the geometry of a finished workpiece 

measured by R-test [43–47]. Ibaraki et al. [48] also applied a touch-trigger probe to 

calibrate the error map of the rotary axes for five-axis machining centers by means of on-

the-machine measuring of test pieces. Li et al. [49] used static R-test to identify the 

geometric error components for the five-axis machining centers with a swiveling head. 

After the geometric error has been identified and determined, an effective 

compensation is necessary to enhance the accuracy of the machine tool. There are two 

ways for the compensation, which are the feedback interruption compensation and the 

origin shift compensation [9,50]. The feedback interruption compensation is applicable to 

most CNC machine tools, in which the phase signal should be inserted into the feedback 

loop of the servo system. Thus, the signal is easy to interfere with the machine feedback 

signal. The origin shift compensation works by sending the compensation signal to the 

CNC unit and then controlling the program logic control (PLC) unit to shift the zero 

position of each axis under inspection [51–53]. Since this compensation method does not 

modify the hardware, it is necessary to modify NC code or design a new software to 

compensate the geometric error. 

1.4 Purpose of this research 
The multi-tasking machine tool has a structure in which a milling spindle is attached 

to a CNC lathe. Thus, some researchers [54] think it can be classified into the swivel head 

and rotary table type of five-axis machining centers. However, the development of multi-

tasking machine tool is not only an easy functional addition, but also the pursuit of 

synergistic effects through multiplication [3]. Therefore, to improve the accuracy, the 

previous research about the geometric errors for five-axis machining centers cannot be 

directly and simply applied to a multi-tasking machine tool. In addition, although the ball 

bar measurement method of simultaneous X-, Y- and C-axes motion is described in ISO 

13041-5:2015 [55], the measurement method of simultaneous X-, Z-, and B-axes motion 

has not been discussed. Furthermore, the identification method of geometric deviations 
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related to the swivel spindle (B axis) and the rotary table (C axis) has not been explored 

according to the above measurement method. The accuracy measurement method for these 

two rotary axes has not clarified and standardized. There is not enough research about the 

geometric errors for a multi-tasking machine tool. The study in this thesis is the first time 

to identify and compensate geometric deviations related to a swivel spindle based on the 

topological structure of the multi-tasking machine tool. Therefore, the objective of this 

research is to establish an effective method to identify the geometric deviations correctly at 

first, which are geometric errors of relationship between each adjacent axis. Then, a 

measuring procedure is designed to compensate the influence of the identified geometric 

deviations about a swivel spindle and a rotary table on the positioning accuracy of the tool 

center point in order to improve the accuracy of a multi-tasking machine tool. The purpose 

focuses on the following aspects: 

1. Establish a mathematical model to simulate the simultaneous three axis motions for 

exploring the relationship between the measured eccentricities and the geometric 

deviations existing in the target machine tool. 

2. Put forward to a measurement procedure by ball bar to identify the geometric 

deviations based on the analysis of factors affecting the measured trajectory. 

3. Put forward to a method by simply modifying the NC code to compensate the 

influence of the geometric deviations on tool center point to reduce its position error. 

4. Verify the identified geometric deviations by using a touch-trigger probe. 

1.5 Structure of this thesis 
This thesis is arranged as the following 6 chapters.  

In Chapter 1, the development of the multi-tasking machine tool is introduced. Then, 

the errors which will influence the accuracy of the machine tool are analyzed. At last, the 

objective of this study, which is the development of identification and compensation 

methods for the geometric deviations of multi-tasking machine tool, is described. 

In Chapter 2, according to the theory of form-shaping system, the geometric 

deviations existing in the multi-tasking machine tool with a swivel spindle head in a 

horizontal position are defined. Then, a mathematical model to simulate the simultaneous 

three-axis motions is proposed. And the simulation both in the cylindrical coordinate 

system and in the Cartesian coordinate system is carried out. From the simulation results, it 

is confirmed that to eliminate the influence of the mounting errors of workpiece side ball 

on the measured results, measurements for the B axis should be performed in Cartesian 

coordinate system and those for the C axis should be performed in cylindrical coordinate 
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system. The relationship between the geometric deviations and the eccentricities of the 

measured trajectories is established. It is found that the circular trajectories of the B axis X 

direction, B axis Y direction, C axis radial direction and C axis axial direction are adequate 

to identify the geometric deviations by designing an appropriate measuring procedure. 

In Chapter 3, current compensation methods for the rotary axis of five-axis machining 

center are discussed firstly. Then, based on the idea of screw theory, the flowchart of the 

compensation algorithm is determined and the formulae to generate the modified NC code 

are derived according to the special topological structure of the targeted machine tool by 

using the homogenous transformation matrix.  

In Chapter 4, at first, the circular trajectories of four measuring patterns are analyzed 

in three views of the space, respectively. Then, a measuring procedure by using ball bar is 

designed based on the analysis of the influence factors on each circular trajectory. After 

that, the measuring procedure is applied in a multi-tasking machine tool, which has a 

swivel spindle head in the horizontal position, and the geometric deviations are identified 

by using the eccentricities of trajectories. Finally, according to the proposed compensation 

method in Chapter 3, the NC code is modified to measure the trajectories of four 

measuring patterns again. By comparing with the trajectories before and after 

compensation, it is confirmed that the position error of TCP is reduced significantly after 

the compensation. It is found that the geometric deviations about two rotary axes can be 

compensated effectively. However, the geometric deviations of the spindle cannot be 

compensated by this method. 

In Chapter 5, at first, a measuring procedure using a touch-trigger probe is devised to 

identify the geometric deviations. Then, the formulae to calculate the geometric deviations 

are derived by analyzing the influence of the geometric deviations on the measurements for 

the respective rotations of B and C axes. Finally, the measuring procedure and the 

calculation method are applied in INTEGREX i-200, which is the same multi-tasking 

machine tool used in the ball bar measurement of Chapter 4. By comparing the identified 

values obtained from these two measurement instruments, the effectiveness of the 

identification and compensation methods by a ball bar is verified which can be used to 

correctly identify the angular deviations related to two rotary axes of the multi-tasking 

machine tool. 

In Chapter 6, the main achievements in this study are summarized to the conclusions. 
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Chapter 2  Identification method based on 
simultaneous three-axis motions 

2.1 Preface 
A multi-tasking machine tool with a swivel spindle head in a horizontal position is 

considered as the target. Referring to CK1 and CK2 of ISO 10791-6 [12], the deviations 

of the tool center point (TCP) trajectory can be checked during the simultaneous three-

axis motions (STM) of two linear axes and a rotary axis. In order to design a reasonable 

measuring procedure for identifying the geometric deviations of the targeted machine tool, 

the simulation about the trajectories of the STM is conducted both in the cylindrical 

coordinate system and in the Cartesian coordinate system, respectively. 

In this chapter, the geometric deviations existing in the multi-tasking machine tool 

with a swivel spindle head in a horizontal position are defined in Section 2.2. Then, in 

Section 2.3, the STM are explained both in the cylindrical coordinate system and in the 

Cartesian coordinate system. A mathematical model to simulate the STM is proposed in 

Section 2.4. After the simulation, the influences of mounting errors of ball bar and the 

squareness of translational axes on the eccentricities of the trajectories are analyzed in 

Section 2.5. And the geometric deviations related to the eccentricities of the trajectories 

are determined according to the simulation results. 

2.2 Geometric deviations of multi-tasking machine tool 

2.2.1 Configuration of the multi-tasking machine tool with a swivel 
spindle head in a horizontal position 

Figure 2.1 illustrates the configuration of a multi-tasking machine tool with a swivel 

spindle head in a horizontal position. The machine tool consists of 5 axes: C axis as a 

turning spindle, B axis as a milling spindle, and 3 translational X, Y, and Z axes. The 

structural configuration can be described as w-C’bZYXB (C1)-t by connecting the 

motion axes from the workpiece side to the tool side. In this description, the workpiece 

side and the tool side are distinguished by naming the workpiece by “w”, the tool by “t”, 

and the bed by “b”; (C1) stands for the spindle axis without numerical control for angular 
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positioning. 

 

Figure 2.1 Configuration of a multi-tasking machine tool with a swivel spindle head in 

a horizontal position. 

2.2.2 Definition of geometric deviations 

Figure 2.2 explains the geometric deviations and the relationship of each axis for the 

considered machine tool. In Fig. 2.2, δx, δy, and δz correspondingly indicate the 

positional deviations in X, Y, and Z axes. The letters of α, β, and γ correspondingly 

indicate the angular deviations around X, Y and Z axes. The large suffixes indicate two 

neighboring axes. For example, 𝛿𝑥CZ means the positional deviation in X direction of C 

axis origin with respect to machine coordinate origin. The variable 𝛼CZ  means the 

parallelism error of C axis of rotation with respect to Z axis about X axis.  

According to the theory of form-shaping system for machine tools [2], I delete the 

negligible deviations of each axis from the possible deviations in order from ① to ⑤ 

shown in Fig. 2.2. As a result, there are totally thirteen geometric deviations left, which 

will significantly affect the motion accuracy of the machine tool. Among them, ten 

geometric deviations are related with two rotary axes—B and C axes, and three geometric 

deviations are related with three translational axes—X, Y, and Z axes, which are my 

research objective in this study.  
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Figure 2.2 Geometric deviations according to the structural configuration of the 

machine tool 

 

Table 2.1 Definitions of geometric deviations 
Symbol Description 
δxBT X direction offset of spindle rotation with respect to B axis origin 
δzBT Z direction offset of spindle rotation with respect to B axis origin 
αBT Squareness error of B axis with respect to spindle rotation about X axis 
αXB Squareness error of B axis of rotation with respect to Z axis motion 
βXB Initial angular position error of B axis of rotation with respect to X (Z) axis motion 
γXB Squareness error of B axis of rotation with respect to X axis motion 
γXY Squareness error between X axis motion and Y axis motion 
αYZ Squareness error between Y axis motion and Z axis motion 
βYZ Squareness error between Z axis motion and X axis motion 
δxCZ X direction offset of C axis origin with respect to machine coordinate origin 
δyCZ Y direction offset of C axis origin with respect to machine coordinate origin 
αCZ Parallelism error of C axis of rotation with respect to Z axis about X axis 
βCZ Parallelism error of C axis of rotation with respect to Z axis about Y axis 

 

Table 2.1 interprets the definitions of thirteen geometric deviations and Fig. 2.3 

illustrated them in XZ, YZ, and XY planes. There are four coordinate systems, which are 

machine coordinate system (OM-XYZ), B axis coordinate system (OB-XBYBZB), C axis 

coordinate system (OC-XCYCZC) and spindle coordinate system (OT-XTYTZT). The 

machine coordinate system is regarded as the reference system, whose origin is the 

intersection position of the rotary centerlines of B and C axes when there are no 

geometric deviations and all axes move to zero position. However, since B and C axes are 
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not directly connected in the multi-tasking machine tool, the origin of the machine 

coordinate system can’t be easily determined by the above definition. In this paper, it is 

set on the upper surface of the C axis worktable for research convenience. 

 

 
XZ plane 

 
YZ plane 

 
XY plane 

Figure 2.3 Illustration of coordinate systems and geometric deviations 
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2.3 Simultaneous three-axis motions 
Simultaneous three-axis motions (STM) mean that the relative motion between the 

workpiece and the spindle is controlled simultaneously by two orthogonal linear axes to 

make a circular motion which is synchronized with the rotation of one swivel axis. For 

example, the motion shown in Fig. 2.4(d) is a STM of XYC axes. The sphere on the 

spindle side moves in a circle which is interpolated in XY plane, and the sphere on the 

table rotates synchronously in 360 degrees which is controlled by C axis. 

In this study, to identify and compensate the geometric deviations existing in the 

multi-tasking machine tool, the trajectories of the STM are studied and measured by 

means of a measuring instrument of a ball bar both in the cylindrical coordinate system 

and in the Cartesian coordinate system.  

2.3.1 Measurement in cylindrical coordinate system 

The cylindrical coordinate system consists of the radial, tangential, and axial 

directions of a circle. Since the ball bar is a one-dimensional measuring instrument, three 

directions should be measured one by one. The sensitive direction of the ball bar is 

always kept consistent with respect to the radial, tangential, and axial directions of the 

rotational motion. Therefore, they are named as radial, tangential, and axial direction 

measurements in the cylindrical coordinate system, illustrated in Fig. 2.4. 

When B axis is rotated, X and Z axes are simultaneously controlled in the XZ plane 

to perform an arc interpolation motion of 1/4 circle, synchronized with the rotation of B 

axis. In this case, there are three measurements in the cylindrical coordinate system: B 

axis radial measurement shown in Fig. 2.4 (a), B axis tangential measurement shown in 

Fig. 2.4 (b), and B axis axial measurement shown in Fig. 2.4 (c).  

When C axis is rotated, X and Y axes are simultaneously controlled in the XY plane 

to perform a circular interpolation motion, synchronized with the rotation of C axis. In 

this case, there are three measurements in the cylindrical coordinate system: C axis radial 

measurement shown in Fig. 2.4 (d), C axis tangential measurement shown in Fig. 2.4 (e), 

and C axis axial measurement shown in Fig. 2.4 (f).  
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(a) 

 

(b) 

 

(c)  

 

(d) 

 

(e) 

 

(f) 

Figure 2.4 (a) B axis radial measurement; (b) B axis tangential measurement; (c) B 

axis axial measurement; (d) C axis radial measurement; (e) C axis tangential 

measurement; (f) C axis axial measurement. 
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(a) 

 

(b) 
 

 

(c) 

 

(d) 

 

(e)  

 

(f)  

Figure 2.5 B axis X direction measurement; (b) B axis Y direction measurement; (c) B 

axis Z direction measurement; (d) C axis X direction measurement; (e) C axis Y direction 

measurement; (f) C axis Z direction measurement. 
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2.3.2 Measurement in Cartesian coordinate system 

The Cartesian coordinate system consists of X axis, Y axis, and Z axis of the 

machine coordinate system. During the measurement of the STM, the sensitive direction 

of the ball bar is always kept consistent with respect to X axis, Y axis, and Z axis 

directions. Therefore, they are named as X, Y, and Z direction measurements in the 

Cartesian coordinate system, illustrated in Fig. 2.5. 

When B axis is rotated, X and Z axes are simultaneously controlled in the XZ plane 

to perform an arc interpolation motion of 1/4 circle, synchronized with the rotation of B 

axis. In this case, there are three measurements in Cartesian coordinate system: B axis X 

direction measurement shown in Fig. 2.5 (a), B axis Y direction measurement shown in 

Fig. 2.5 (b), and B axis Z direction measurement shown in Fig. 2.5 (c). In fact, the motion 

in B axis Y direction measurement is exactly same as the motion in B axis axial 

measurement shown in Fig. 2.4 (c). 

When C axis is rotated, X and Y axes are simultaneously controlled in the XY plane 

to perform a circular interpolation motion, synchronized with the rotation of C axis. In 

this case, there are three measurements in Cartesian coordinate system: C axis X direction 

measurement shown in Fig. 2.5 (d), C axis Y direction measurement shown in Fig. 2.5 (e), 

and C axis Z direction measurement shown in Fig. 2.5 (f). In fact, the motion in C axis Z 

direction measurement is exactly same as the motion in C axis axial measurement shown 

in Fig. 2.4 (f). 

2.4 Mathematical model 
In the mathematical model, the geometric deviations are introduced as additional 

geometric parameters in each elemental homogeneous transformation matrices, resulting 

in the real homogeneous transformation matrix for the multi-tasking machine tool [56]. 

Since the angular deviations are generally less than 1°, it is reasonable to assume them as 

the small angles and neglect second order errors during devising the mathematical model. 

Therefore, the small angle approximation theory (sin 𝜃 ≈ 𝜃, cos 𝜃 ≈ 1, if the angle 𝜃 <

0.1 (5.7°), the relative error does not exceed 1%) is applied in this study.  

Moreover, as an infinitesimal rotation, it is possible to interchange the order of 

rotation matrices, add or subtract another infinitesimal rotation matrix. Therefore, 

according to the above infinitesimal rotation approximation theory, it is reasonable to 

simplify the homogeneous transformation matrix (HTM) in the mathematical model to 

express the center coordinates of both the spindle side ball (T-side ball) and the work 

spindle side ball (W-side ball) viewed from the machine coordinate system. 
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The symbols used in the following mathematical model are explained firstly. 

T (𝑥𝑡 , 𝑦𝑡, 𝑧𝑡) represents the center coordinate of the T-side ball viewed from the 

machine coordinate system, and W (𝑥𝑤, 𝑦𝑤, 𝑧𝑤 ) represents the center coordinate of the 

W-side ball viewed from the machine coordinate system. The rotation angle of B axis is 

expressed by ∅, and the rotation angle of C axis is expressed by 𝜃 . The coordinate 

transformation by geometric deviation is represented by M, and the coordinate 

transformation by command value is represented by E. 

2.4.1 Determination of center coordinate T of the T-side ball viewed 
from the machine coordinate system 

The center coordinate TT of the T-side ball in the spindle coordinate system is 

expressed by Equation (2.1). In there, the parameter RB is the distance from the rotational 

center of B axis to the center of the T-side ball. 

𝑇T = [0 0 −𝑅B 1]T                                                         (2.1) 

Based on the theory of form-shaping system [2], considering angular deviation αBT 

and positional deviations δxBT, δzBT from the spindle coordinate system to the B axis 

coordinate system, the homogeneous transformation matrix is expressed by Equation 

(2.2). 

𝑀BT = [
1   0
0   1

0 𝛿𝑥BT
−𝛼BT 0

0 𝛼BT
0 0    1     𝛿𝑧BT

0       1

]                                            (2.2) 

Similarly, from B axis to X axis, the homogeneous transformation matrix 𝑀XB is 

defined as Equation (2.3) since there are angular deviations αXB, 𝛽XB and JXB between 

them. 

𝑀XB = [

1 −𝛾XB
    𝛾XB 1

𝛽XB 0
−𝛼XB 0

−𝛽XB 𝛼XB
0 0    1     0

0     1

]                                        (2.3) 

Because the T-side ball circularly moves around B axis with the radius RB, the 

transformation matrix EB by the rotation angle value ∅ to express the circular motion of 

the T-side ball is shown in Equation (2.4). 

𝐸B = [
  cos ∅ 0

0  1 sin ∅ 0
0 0

− sin ∅ 0
0 0

cos ∅ 0
0 1

]                                                 (2.4) 

The homogeneous transformation matrix 𝑀YZ and 𝑀XY to reflect the squareness of 
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the X, Y and Z translational axes can be expressed by Equations (2.5) and (2.6). The 

transformation matrices EX, EY and EZ express translational motions controlled by the 

command values of X, Y and Z axes respectively, shown in Equations (2.7) to (2.9). 

𝑀YZ = [
     1 0
     0 1  𝛽YZ 0

−𝛼YZ 0
−𝛽YZ 𝛼YZ

0 0
   1 0
   0 1

]                                            (2.5) 

𝑀XY = [

1 −𝛾XY
𝛾XY  1   0 0

0 0
   0       0

0       0
1 0
0 1

]                                               (2.6) 

𝐸X = [
1 0
0 1

0 X
0 0

0 0
0 0

1 0
0 1

]                                                               (2.7) 

𝐸Y = [
1 0
0 1

0 0
0 Y

0 0
0 0

1 0
0 1

]                                                               (2.8) 

𝐸Z = [
1 0
0 1

0 0
0 0

0 0
0 0

1 Z
0 1

]                                                               (2.9) 

As a result, the center coordinate T of the T-side ball viewed from the machine 

coordinate system is denoted in Equation (2.10). 

𝑇 = 𝐸Z𝑀YZ𝐸Y𝑀XY𝐸X𝑀XB𝐸B𝑀BT𝑇T                                          (2.10) 

2.4.2 Determination of center coordinate W of the W-side ball 
viewed from the machine coordinate system 

As there are angular deviations αCZ, 𝛽CZ and positional deviations δxCZ, δyCZ 

between C axis and Z axis as shown in Fig. 2.2, the homogeneous transformation matrix 

𝑀CZ is expressed by Equation (2.11). 

𝑀CZ = [
1       0
0       1

𝛽CZ 𝛿𝑥CZ
−𝛼CZ 𝛿𝑦CZ

−𝛽CZ 𝛼CZ
0 0

1     0
0     1

]                                       (2.11) 

The rotation of C axis around Z axis is expressed by the transformation matrix 𝐸C  

where 𝜃 is the rotation angle of C axis, shown in Equation (2.12). 
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𝐸C = [
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

0 0
0 0

0        0
0        0

1 0
0 1

]                                                 (2.12) 

As a result, the center coordinate W of the W-side ball viewed from the machine 

coordinate system is denoted as Equation (2.13). In there, 𝑊C  (𝑥𝑤C, 𝑦𝑤C, 𝑧𝑤C) is the 

initial position of the center coordinate of the W-side ball in the C axis coordinate system. 

𝑊 = 𝑀CZ𝐸C𝑊C                                                                        (2.13) 

2.4.3 Determination of the initial position WC for center coordinate 
of the W-side ball 

Since the W-side ball is positioned based on the center coordinate of the T-side ball, 

the influence of geometric deviations needs to be considered to determine the initial 

position of the W-side ball. 

The position 𝑊C
′ of the W-side ball in the machine coordinate system is mounted 

according to the center coordinate T of the T-side ball in the machine coordinate system 

by using a dummy sphere. In addition, the initial position of the W-side ball is decided 

only by the command values of the translational axes without the B axis rotation. Thus, 

the position 𝑊C
′ of the W-side ball can be calculated by removing 𝐸B from the Equation 

(2.10). It is correspondingly expressed as the following Equations (2.14) and (2.15) for 

different setup of the B and C axes measurements. 

When W-side ball is set for the B axis measurement, 

𝑊C
′ = [

1 0
0 1

0       0
0       0

0 0
0 0

1 𝑍C + 𝑅B
0 1

] [

1 −𝛾𝑋𝑌
𝛾𝑋𝑌 1

𝛽𝑌𝑍 0
−𝛼𝑌𝑍 0

−𝛽𝑌𝑍 𝛼𝑌𝑍
0 0

   1 0
   0 1

] [
1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

] [

1    −𝛾XB
𝛾XB  1

𝛽XB 𝛿𝑥BT
−𝛼XB−𝛼BT 0

−𝛽XB 𝛼XB + 𝛼BT
0 0         1 𝛿𝑧BT

0 1

] [
0
0

−𝑅B
1

]        (2.14) 

When W-side ball is set for the C axis measurement, 

𝑊C
′ = [

1 0
0 1

0       0
0       0

0 0
0 0

1 𝑍C + 𝑅B
0 1

] [

1 −𝛾𝑋𝑌
𝛾𝑋𝑌 1

𝛽𝑌𝑍 0
−𝛼𝑌𝑍 0

−𝛽𝑌𝑍 𝛼𝑌𝑍
0 0

   1 0
   0 1

] [
1 0
0 1

0 𝑅C
0 0

0 0
0 0

1 0
0 1

] [

1    −𝛾XB
𝛾XB  1

𝛽XB 𝛿𝑥BT
−𝛼XB−𝛼BT 0

−𝛽XB 𝛼XB + 𝛼BT
0 0         1 𝛿𝑧BT

0 1

] [
0
0

−𝑅B
1

]       (2.15) 

The transformation matrix from the machine coordinate system to the C axis 

coordinate system is performed by the inverse transformation of Equation (2.11). In 

addition, the W-side ball is mounted at the condition of 0q of C axis, so the 

transformation matrix 𝐸C for C axis rotation is removed from the Equation (2.13). Thus, 

the conversion from 𝑊C
′ to 𝑊C  is expressed by Equation (2.16). 

𝑊C = [
1       0
0       1

−𝛽CZ −𝛿𝑥CZ
𝛼CZ −𝛿𝑦CZ

𝛽CZ −𝛼CZ
  0   0

1       0
0       1

] 𝑊C
′                             (2.16) 
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2.4.4 Calculation of the difference ∆L between reference length and 
measured length of ball bar 

In conclusion, the actual relative distance L between the T-side ball and the W-side 

ball can be calculated by the center coordinates T (𝑥𝑡, 𝑦𝑡, 𝑧𝑡) and W (𝑥𝑤, 𝑦𝑤, 𝑧𝑤 ). The 

actual relative distance L is strongly affected by the geometric deviations in the multi-

tasking machine tool. Thus, the ball bar length change amount ∆L can be calculated from 

the actual relative distance L by subtracting the ball bar reference length 𝐿𝐵  as shown in 

Equation (2.17). 

𝛥𝐿 = √(𝑥𝑡 − 𝑥𝑤)2 + (𝑦𝑡 − 𝑦𝑤)2 + (𝑧𝑡 − 𝑧𝑤)2 − 𝐿𝐵           (2.17) 

2.5 Simulation 

2.5.1 Simulation results 

The influence of each deviation on the eccentricity is investigated by using the 

above mathematical model. The simulation is conducted by MATLAB not only in a 

cylindrical coordinate system but also in a Cartesian coordinate system.  

As shown in Fig. 2.4(d), 𝑍𝐶 is the distance of the W-side ball center from the C axis 

surface, 𝑅𝐶 is the distance of the W-side ball center from the C axis centerline, and 𝑅𝐵 is 

the distance of the T-side ball center from the center of the B axis. 𝐿𝐵 is the reference 

length of the ball bar. 

The commands given to each axis for the B axis measurements both in the 

cylindrical coordinate system and in the Cartesian coordinate system are shown in Table 

2.2. The commands given to each axis for the C axis measurements both in the cylindrical 

coordinate system and in the Cartesian coordinate system are shown in Table 2.3. 

The parameters 𝑅BT and 𝑅CT in the above table are calculated by Equations (2.18) 

and (2.19). 

𝑅BT = √𝑅B
2 + 𝐿B

2                                                                (2.18) 

𝑅CT = √𝑅C
2 + 𝐿B

2                                                                (2.19) 

The simulation of the simultaneous three-axis motions is carried out under the 

condition of 𝐿𝐵 = 100 mm, 𝑍𝐶 = 100 mm, 𝑅𝐵 = 200 mm, 𝑅𝐶 = 50 mm. ±0.005 degrees 

and ±20 Pm is correspondingly given to angular deviations and positional deviations. The 

effect of each deviation on the eccentricity is investigated as follows. 
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Table 2.2 Commands given to each axis for B axis measurements 
Cylindrical Radial Tangential Axial 
Command X (LB + RB) sin φ RBT sin (φ + tan−1LB/RB)  RB sin φ 
Command Y 0  0 LB 
Command Z ZC + (LB + RB) cos φ ZC+RBTcos(φ+tan−1LB/RB)  ZC + RB cos φ 
Command B φ φ φ 
Command C 0 0 0 
Cartesian X direction Y direction Z direction 
Command X LB + RB sin φ RB sin φ RB sin φ 
Command Y 0  LB  0 
Command Z ZC + RB cos φ ZC + RB cos φ LB + ZC + RB cos φ 
Command B φ φ φ 
Command C 0 0 0 

 

Table 2.3 Commands given to each axis for C axis measurements 
Cylindrical Radial Tangential Axial 
Command X (RC − LB) cos T RCT cos (T + tan−1LB/RC)  RC cos T 
Command Y (RC − LB) sin T RCT sin (T + tan−1LB/RC)  RC sin T 
Command Z ZC + RB ZC + RB ZC + LB + RB 
Command B 0 0 0 
Command C T T T 
Cartesian X direction Y direction Z direction 
Command X LB + RC cos T RC cos T RC cos T 
Command Y RC sin T LB + RC sin T  RC sin T 
Command Z ZC + RB ZC + RB LB + ZC + RB 
Command B 0 0 0 
Command C T T T 

 

The simulation results for a multi-tasking machine tool with a swivel head in a 

horizontal position are obtained. The effect of geometric deviations on the eccentricities 

of circular trajectories for B axis measurements and for C axis measurements are shown 

respectively in Tables 2.4 and 2.5. The dotted circle indicates theoretical trajectory when 

there is no geometric deviation. The red and blue lines indicate changed trajectory 

affecting by negative and positive values of geometric deviations respectively.  
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The figures show that if only one of the thirteen geometric deviations exist, the 

effect of the given deviation on the eccentricity will be reflected by the red or blue 

circular trajectory. For example, when a value of +20 Pm is given to 𝛿𝑥CZ for C axis 

radial direction measurement while other twelve geometric deviations are all zero, 

eccentricity of trajectory occurs in -X axis direction. On the contrary, when a value of 

−20 Pm is given to 𝛿𝑥CZ, eccentricity of trajectory occurs in +X axis direction.  

The blank part in Tables 2.4 and 2.5 shows that the trajectory obtained from 

simulation is same as the reference circle. Therefore, there is no influence of the 

geometric deviation on the trajectory. For example, for the radial, tangential and axial 

measurements of B axis in the cylindrical coordinate system, 𝛼XB  only affects the 

trajectory of the axial measurement and does not affect those of the radial and tangential 

measurements. 

As a result, the trajectory has changed in the following three aspects. 

1. Only the position of trajectory center is changed, and the shape of trajectory is 
not changed. For example, the effect of 𝛼XB on eccentricity in case of the C 

axis radial measurement. 

2. The size of trajectory radius and the position of trajectory center are changed. 
For example, the effect of δxBT on eccentricity in case of the C axis radial 

measurement. 

3. The shape of trajectory is changed, and the position of trajectory center is not 
changed. For example, the effect of 𝛾XY on eccentricity in case of the C axis 

radial measurement. 

2.5.2 Influence of mounting errors of ball bar on circular 
trajectories 

The mounting errors are inevitable for measurement no matter which measuring 

instrument is used. Therefore, it is necessary to investigate the influence of the mounting 

errors of the T-side ball and the W-side ball on the eccentricity of the measured circular 

trajectory. For example, when a ball bar is used to measure the trajectory, the W-side ball 

is positioned by the magnet of the table side socket. The position of the W-side ball is 

determined as follows. Firstly, attach the dummy sphere to the socket on the spindle side 

and place the cup of the table side ball on the table. Secondly, make the dummy sphere 

close to the cup of the table side ball by moving the spindle, and adjust the position of the 

cup of the table side ball to attach the magnetic socket to the dummy sphere. In this state, 

the table side ball is mounted at the ideal position. Finally, flip down the lever of the 
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socket on the table side to fix the magnetic cup.  

When the socket is fixed on the table, the position of the W-side ball will shift 

slightly. This is the main source of the mounting error of the W-side ball. It has been 

confirmed that the amount of the mounting error of the W-side ball shifts by 10 to 60 Pm 

in a random direction when it is fixed for each time. Therefore, it is necessary to consider 

the mounting errors during identifying the geometric deviations from the eccentricity of 

the trajectory. 

The actual center coordinate of the T-side ball in the spindle coordinate system, 

expressed as Equation (2.20), is derived by adding the center offset of the T-side ball (xT, 

yT, zT) to the ideal center coordinate. Similarly, adding the center offset of the W-side ball 

(xW, yW, zW) to the ideal center coordinate, the actual center coordinate of the W-side ball 

is expressed as the following Equation (2.21). 

𝑇T = [

𝑥𝑇
𝑦𝑇
𝑧𝑇
0

] + [
0
0

−𝑅B
1

]                                                               (2.20) 

𝑊C = [

𝑥𝑊
𝑦𝑊
𝑧𝑊
0

] + [
1       0
0       1

−𝛽CZ −𝛿𝑥CZ
𝛼CZ −𝛿𝑦CZ

𝛽CZ −𝛼CZ
  0   0

1       0
0       1

] 𝑊C
′                (2.21) 

A simulation is performed in cylindrical coordinate system and in Cartesian 

coordinate system to research the effect of the mounting errors on each measured circular 

trajectory. In the simulation, the geometric deviations are all zero and the mounting errors 

are individually set to 20 Pm. The results are shown in Table 2.6. 
In Table 2.6, a dotted circle indicates theoretical trajectory without any mounting 

errors of ball bar and the red circle indicates changed trajectory affecting by only one 

mounting error. The blank means the trajectory has not changed although the mounting 

error exists. 

It is found that the mounting errors of the T-side ball will strongly influence the 

eccentricity of circular trajectories in these two coordinate systems. Therefore, to achieve 

correct results, it is crucial to perfectly coincide the center of the T-side ball to the spindle 

before conducting measurements.  

However, the mounting errors of W-side ball do not influence the eccentricity in 

Cartesian coordinate system for the B axis measurements, and in cylindrical coordinate 

system for the C axis measurements. When B axis is measured in X, Y, Z direction or C 

axis is measured in radial, tangential, or axial direction, the sensitive direction of the ball 

bar is always kept constant viewed from the tableside. As a result, the mounting errors of 
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the W-side ball do not need to be considered in these measurements. However, the 

eccentricities from the measurements of B axis radial, tangential, axial direction, or C 

axis X, Y, Z direction are strongly affected by the mounting errors because the sensitive 

direction of the ball bar changes with respect to the table at all times. For example, in 

case of B axis radial direction measurement, B axis was rotated around the W-side ball 

and the ball bar would be rotated at the same time. Therefore, the measurement results 

were affected by the mounting error of the W-side ball. 

 

Table 2.4 Influence of mounting errors of ball bar on the eccentricity of circular 

trajectories. 
  𝒙𝑾  𝒚𝑾 𝒛𝑾 𝒙𝑻 𝒚𝑻 𝒛𝑻 

Cylindrical 
coordinate 
system 

B axis Radial 
 

 
  

 
 

B axis 
Tangential  

 
  

 
 

B axis Axial  
 

    

Cartesian 
coordinate 
system 

B axis 
X direction 

 
  

 
 

 
B axis 

Y direction  
 

    

B axis 
Z direction   

  
 

 

Cylindrical 
coordinate 
system 

C axis Radial 
 

  
  

 

C axis 
Tangential  

 
 

  
 

C axis Axial   
 
   

Cartesian 
coordinate 
system 

C axis 
X direction 

  
 

  
 

C axis 
Y direction 

  
 

  
 

C axis 
Z direction   
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Figure 2.6 intuitively explains that the mounting errors of W-side ball do not affect 

the eccentricity of trajectory measured in C axis radial direction measurement. The red 

circle represents the ideal path of the spindle side ball, and its radius is (𝑅C + 𝐿). The 

black circle represents the ideal path of the workpiece side ball, and its radius is 𝑅C. In 

Fig. 2.6 (a), the ideal condition is described when there is no mounting error. In Fig. 2.6 

(b), if there is mounting error 𝑦𝑊 in the +Y direction, the real path of the workpiece side 

ball will express as the blue circle, and its radius is (𝑅C + 𝑦𝑊). Compared with these two 

figures, it is concluded that if there is a mounting error on the workpiece side ball, the 

diameter of the trajectory changes, but the eccentricity does not occur. That is consistent 

with the result obtained from the simulation. 

 

 
Figure 2.6 Influence of the mounting error of W-side ball on the trajectory  

 

In conclusion, the B axis measurements in Cartesian coordinate system and C axis 

measurements in cylindrical coordinate system are proposed to identify the geometric 

deviations of multi-tasking machine tools to avoid the influence of mounting errors. 

2.5.3 Influence of squareness between translational axes on circular 
trajectories 

The influence of squareness deviations of translational axes, αYZ, βYZ, and γXY, on 

the eccentricity of circular trajectories are also achieved by the simulation, shown in 

Table 2.7. It is observed that the squareness deviation γXY only influence the eccentricity 

of circular trajectory in case of the C axis X direction measurement. Therefore, it is 

indispensable to conduct C axis X direction measurement to identify the squareness 

deviations γXY. However, the mounting errors of W-side ball and T-side ball will strongly 

affect the measurement accuracy of eccentricity under the C axis X direction 
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measurement, shown in Table 2.6. Thus, it can’t be measured correctly. Moreover, the 

squareness deviations αYZ and βYZ, can’t be separated from αXB and βXB. Additionally, in 

theory, the squareness deviations are very smaller than the geometric deviations of the 

rotary axes. Therefore, the identification for squareness deviations of translational axes 

will not be researched in this study. 

 

Table 2.5 Influence of squareness deviations of translational axes 

   𝜷𝐘𝐙 𝜸𝐗𝐘 

Cylindrical 
coordinate 
system 

B axis Radial  
 

 

B axis 
Tangential  

 
 

B axis Axial 
 

  

Cartesian 
coordinate 
system 

B axis 
X direction  

 
 

B axis 
Y direction  

  

B axis 
Z direction    

Cylindrical 
coordinate 
system 

C axis Radial 
   

C axis 
Tangential    

C axis Axial 
  

 

Cartesian 
coordinate 
system 

C axis 
X direction    
C axis 

Y direction   
 

C axis 
Z direction 

  
 

2.5.4 Relationship between geometric deviations and eccentricities 

Based on the simulation result shown in Tables 2.4 and 2.5, the relationship 

between each geometric deviation and the eccentricity of circular trajectory obtained 

𝜶𝐘𝐙 
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from each measurement is derived as follows. To simplify the calculation, the positional 

deviation appears as eccentricity is, while the angular deviation, multiplied by a 

coefficient, such as ZC, RB, RC, ZT or XT, appears in eccentricity. The sign of the deviation 

can be judged by the consistency with the positive direction of each geometric deviation. 

If the positive direction of the eccentricity occurs in the condition of blue lines in Tables 

2.4 and 2.5, the deviation is positive. On the contrary, if the negative direction of the 

eccentricity occurs in the condition of blue lines in Tables 2.4 and 2.5, the deviation is 

negative. In there, the blue line means the simulation result under the positive value of 

geometric deviation. 

The relationship for B axis trajectory measured in the Cartesian coordinate system 

and C axis trajectory measured in the cylindrical coordinate system are summarized in 

Table 2.8, where ex, ey and ez represent the components of eccentricities in X, Y and Z 

axes directions, respectively. The subscripts indicate the type of measurements, for 

example, BX and CR represent measurements of the B axis X direction and C axis radial 

direction, respectively. 

As an example, the mathematical expression for the radial direction measurement 

of C axis in Table 2.8 is derived as follows. According to the simulation result in Table 

2.5, it is found that the eccentricity of trajectory is influenced by 12 geometric deviations, 

which are GxBT, DXB, EXB, γXB, DBT, GxCZ, GyCZ, DCZ, ECZ, DYZ, EYZ, and JXY. Among these 

geometric deviations, 5 geometric deviations of GxBT, EXB, GxCZ, ECZ, and EYZ affect the 

eccentricity in the X direction. Through analysis, it is confirmed that the angular 

deviations of EXB and EYZ, which exist in the spindle side according to the structure of the 

targeted machine, are multiplied by the coefficient ZT in the mathematical expression. 

And the angular deviation of ECZ, which exists in the workpiece side according to the 
structure of the targeted machine, is multiplied by the coefficient ZC in the mathematical 

expression. The coefficients ZT and ZC respect Z-axis coordinate of the tool-holding 

spindle head in machine coordinate system and Z-axis coordinate of the center position of 

the workpiece side ball in table coordinate system, respectively. These 2 positional 

deviations of GxBT, and GxCZ appear as GxBT, and GxCZ in the mathematical expression, 

respectively. To judge the sign of the eccentricity due to the positive values of the 

geometric deviations (indicated by the blue line in Table 2.5), it can be found that GxBT 

and ECZ are positive, and EXB, GxCZ, and EYZ are negative. From the above, the amount 
and the sign of the eccentricity due to each geometric deviation are all understood, and 

therefore, the eccentricity exCR in the X direction can be summarized by GxBT−ZTEXB 

−GxCZ +ZCECZ−ZTEYZ. The squareness deviations of translational axes are not researched 
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in this study, so it is simplified as GxBT−ZTEXB −GxCZ +ZCECZ. 

 

Table 2.6 Relationship between eccentricity and geometric deviations 

 ex ey ez 

B axis 
X direction δzBT — δxBT+RBβXB 

B axis 
Y direction −RBγXB — RBαXB 

B axis 
Z direction δxBT+RBβXB  δzBT 

C axis Radial δxBT −ZTβXB −δxCZ + ZCβCZ ZTαXB−XTγXB+ZTαBT−δyCZ− 
ZCαCZ 

— 

C axis 
Tangential 

ZTαXB−XTγXB+ZTαBT − 
δyCZ− ZCαCZ − (δxBT −ZTβXB −δxCZ + ZCβCZ)  

C axis 
Axial RCβCZ − RCαCZ — 

 

It is discovered that the expression of the B axis X direction measurement is similar 

with that of the B axis Z direction measurement. Thus, only one of them is adopted in the 

following chapter to design the measuring procedure. The expression of the C axis 

tangential measurement is found to have only opposite arithmetic signs comparing to that 

of the C axis radial measurement. Furthermore, it has been known that a pitch error of the 

worm gear affects the eccentricity of circular trajectory measured in the tangential 

direction. Thus, the C axis tangential measurement is not discussed to identify geometric 

deviations in this study. 

In summary, the geometric deviations inherent to a multi-tasking machine tool can 

be identified by measuring the circular trajectories of the B axis X direction, B axis Y 

direction, C axis radial direction and C axis axial direction. 

2.6 Conclusion 
In this chapter, to identify the geometric deviations which exist in a multi-tasking 

machine tool, the trajectories of simultaneous three-axis motions are investigated. The 

mathematical model is established, and the simulation is conducted both in the cylindrical 

coordinate system and in the Cartesian coordinate system, respectively. Conclusions are 

summarized as follows. 

1. According to the structural configuration of a multi-tasking machine tool with a 
swivel spindle head in a horizontal position, the geometric deviations which will 

cause the position error of tool center point are clarified. 
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2. The simulation both in the cylindrical coordinate system and in the Cartesian 
coordinate system is conducted based on the established mathematical model to 

the targeted machine tool. 

3. From the simulation results, it is confirmed that in order to eliminate the 
influence of the mounting errors of the W-side ball on the eccentricities of the 

circular trajectories, measurements for the B axis should be performed in 

Cartesian coordinate system and those for the C axis should be performed in 

cylindrical coordinate system. It is the first time to measure the geometric 
deviations related to a swivel spindle in Cartesian coordinate system. 

4. Through the relationship between the geometric deviations and the eccentricities 
of the measured trajectories, it is found that the circular trajectories of the B axis 

X direction, B axis Y direction, C axis radial direction and C axis axial direction 

are adequate to identify the geometric deviations by designing an appropriate 

measuring procedure. 
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Chapter 3  Compensation method based on 
kinematic chain of the targeted machine 
tool 

3.1 Preface 
The compensation of the geometric deviations is the final and important step to 

calibrate the geometric deviations and improve the accuracy of the machine tool. Therefore, 

it needs to develop an effective method to compensate the influence of the geometric 

deviations on the trajectory of tool center point. The presence of the rotary axis makes the 

kinematic module highly nonlinear, and it becomes rather difficult to derive the actual 

inverse kinematic module that considers geometric deviations. Thus, many researchers 

focus on developing different algorithms and verifying their effectiveness on compensating 

the geometric deviations. According to the special topological structure, a simple and 

operable compensation method needs to be determined for the multi-tasking machine tool. 

In this chapter, many compensation methods for the rotary axis of five-axis machining 

center are discussed in Section 3.2. In Section 3.3, based on the idea of screw theory, the 

compensation algorithm is determined and the formulae to generate the modified NC code 

are derived for the targeted multi-tasking machine tool according to the homogenous 

transformation matrix. 

3.2 Compensation method for rotary axis 
In order to improve the manufacturing accuracy, the identified geometric deviations 

inherent to the multi-tasking machine tool need to be compensated. A reasonable 

compensation method is an important and critical step in the development of calibration 

techniques for the geometric deviations of the machine tool. 

The quality of the machine tool is enhanced by eliminating the geometric errors in 

terms of hardware in the design and manufacturing stages. With the long-term use of the 

machine tool, the accuracy is guaranteed by compensating the geometric errors in the CNC 

system. The compensation can mainly be carried out by the following four methods: 

additional embedded software module, control parameter modifications, post-processor 
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modification, and NC program modification [57]. In this study, the NC program 

modification method is adopted to create a new NC code that will give better performance 

considering the geometric deviation information. 

To compensate geometric deviations, the existing of the rotary axis makes the forward 

kinematic module, including geometric deviation matrices, highly nonlinear and it 

becomes rather difficult to derive the actual inverse kinematic module which should 

consider the geometric deviations. Thus, many researchers used approximate linearized 

method or iterative method to conduct the compensation. 

In [58], it was focused on using an approximate linearized mothed to compensate the 

geometric deviations of a five-axis machine tool. The relationship between the small 

variations of tool center point in the workpiece coordinate system and the differential 

change of drives’ motions in the machine coordinate system was assumed to be linear. Due 

to the small geometric deviations, the correction motion positions could be simply 

calculated by multiplying the geometric deviation vectors in the workpiece coordinate 

system by the inverse Jacobian matrix that was derived through solving the ideal forward 

kinematics functions for the particular machine topology. In [59], a decoupled method was 

developed to compensate the geometric deviations of five-axis machine tools. The 

sequence of the compensation was emphasized that the geometric deviations of 

translational axes should be compensated before those related to rotary axes. However, in 

[60], the relationship between the workpiece coordinate system and the machine coordinate 

system was pointed out highly nonlinear. Therefore, it was necessary to use iterative 

calculation to achieve more accurate solution. A total differential algorithm was applied to 

improve the calculation speed and reduce the difficulty of the actual inverse kinematic 

solution. The iterative calculation ended when an acceptable tolerance was reached. 

In Chapter 2, the homogenous transformation matrix is used to establish the 

mathematical model of the simultaneous three-axis motions. The homogeneous 

transformation matrix is developed and commonly used according to a kinematic model 

whereby a reference coordinate system is associated with each drive axis in the serial 

kinematic chain [61]. For a multi-tasking machine tool, by using the required translations 

and rotations relative to the previous coordinate system in the kinematic chain, the 

coordinate systems are associated with each drive axis in sequence. Therefore, after 

identifying the geometric deviations of the machine tool, the actual twist coordinates can 

be directly calculated by the homogenous transformation matrix considering the identified 

values of geometric deviations. Thus, the actual inverse kinematic solution can be simply 

obtained without any iteration. 
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The screw theory [62], known since the early 1900s, is an effective mathematical tool 

to model kinematics of five-axis machine tools. It provides an alternative to the traditional 

method of Denavit–Hartenberg (DH) for the forward and inverse kinematics. The way of 

representing the matrix as Twist and Screw has two advantages. The first is that they allow 

a comprehensive description of the motion of a rigid body which does not suffer from the 

singularities that arise when using local coordinates. The second is that a geometric 

description of the movements is obtained, which greatly simplifies the analysis of 

mechanisms. The steps to get the forward kinematics are described.  

a) Define the placement of the coordinate systems S and 𝐺, where the first is the 

global reference system, and the later one is the final effector system.  

b) Locate the 𝜔𝑖 on each joint, those are R3 unitary vectors that are over the rotation or 

displacement axis depending on the kind of joint.  

c) Select the q𝑖 points needed, those must be placed over one or more axis in order to 

let the Twist creation. 

d) With the 𝜔𝑖 and q𝑖 the Twists are calculated, represented by the Greek letter 𝜉𝑖 , 

which can be in two ways depending on the joint’s kind, as in the next equation. 

Rotary axis:            ξi = [
−ωi × qi

ωI
]                                                                          (3.1) 

Translational axis:  ξi = [ωi
0 ]                                                                                     (3.2) 

e) The 𝑔𝑠
𝐺(0)  homogeneous matrix is obtained which represent the position and 

orientation of the final effector 𝐺 seen from the reference system S, where all values of the 

articular variables are default.  

f) The matrix’s exponentials 𝑒ξ̂𝑖𝜃𝑖 are generated from the Twists, which represent the 

homogeneous transformation matrix equivalent for the joint.  

g) At last, calculate the forward kinematics, by multiplying all the 𝑒ξ̂𝑖𝜃𝑖 and the matrix 

𝑔𝑠
𝐺(0), getting the 𝑔𝑠

𝐺(𝜃) as shown in Eq. (3.3) where 𝑛 is the number of joins.  
𝑔𝑠

𝐺(𝜃) = 𝑒ξ1𝜔1𝑒ξ2𝜔2 ⋯ 𝑒ξ𝑖𝜔𝑖𝑔𝑠
𝐺(0)       𝑖 = 1,2,⋯ , 𝑛                       (3.3) 

Until now, there is only limited use of the screw theory for machine tools' geometric 

deviations modeling although it has been widely used in the robotics area. In [63], the 

screw theory has been used to separate the source errors affecting the compensated and 

uncompensated pose accuracy of the machine tool. In [64], the identification and 

correction of the five-axis machine tools are presented based on the screw theory by a 

generalized Jacobian function.  

In this study, based on the idea of screw theory, machine coordinate system is 
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considered as a global reference system. The angular and positional geometric deviations 

are treated as vectors of rotation and movement by using homogenous transformation 

matrix to model the transformation of coordinates between adjacent axes by considering 

the identified inherent geometric deviations. Since the rigid body motion is descripted in a 

global reference system, the geometric deviations are easy to be compensated 

approximately and directly in the actual inverse kinematic solution based on the 

homogenous transformation matrix. So, the compensation for geometric deviations of the 

multi-tasking machine tool is proposed by using the homogenous transformation matrix. 

3.3 Compensation for the geometric deviations of the 
targeted multi-tasking machine tool 

Figure 3.1 explains the basic compensation concept. The ideal tool center position, 

embedded in the corresponding NC code, is expressed by point P, while the actual position 

of tool center point, which is affected by the geometric deviations inherent to the multi-

tasking machine tool is expressed by point 𝑃′. The compensated tool center position is 

expressed by point 𝑃C, driven by the modified NC code. If the machine tool is running by 

the modified NC code, the actual position of tool center point can be reached to the desired 

position, because the influence of the geometric deviations is compensated. Thus, the 

geometric deviations are compensated. 

 

 
Figure 3.1 Basic concept of geometric deviations compensation 

 

The idea of screw theory is adopted in this study to consider the compensation method 

for geometric deviations of the targeted machine tool.  
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A multi-tasking machine tool is similar to two cooperating robots, one robot carrying 

the workpiece and the other carrying the tool. Therefore, a kinematic chain of the multi-

tasking machine tool is treated as a unified kinematic chain of two collaborative robots in 

order to formulate a kinematic module of the machine tool.  

 

 
Figure 3.2 Forward and inverse kinematics 

 

The kinematic module of the multi-tasking machine tool, which includes the forward 

and inverse kinematics as shown in Fig. 3.2, is the basic idea to compensate the geometric 

deviations. The forward kinematic describes the cutter location in the workpiece coordinate 

system as a function of three linear drives' displacements in the machine coordinate system. 

On the contrary, the inverse kinematic is used to calculate the commands of three 

translational axes from the cutter location. In the information flow of the multi-tasking 

machine tool, the forward and inverse kinematics are performed at different levels. For 

convenience, the kinematic module ignoring the geometric deviations is named as the ideal 

kinematic module, while the one considering the geometric deviations is named as the 

actual kinematic module.  
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Figure 3.3 Kinematic chains of a multi-tasking machine tool 

 

Based on the topological structure of the targeted multi-tasking machine tool (Fig. 

2.1), the kinematic chains in details are illustrated in Fig. 3.3. The workpiece chain is from 

the reference coordinate system to C axis and finally the workpiece located on the table of 

C axis. The spindle chain is from the reference coordinate system to Z axis, Y axis, X axis, 

B axis, and the cutting spindle attached to B axis. The whole kinematic chain is from the 

workpiece to C axis, reference coordinate system, Z axis, Y axis, X axis, then to B axis and 

the cutting spindle. The reference coordinate system OM-XMYMZM is attached to the 

machine bed and designed by the manufacture when the movements of all axes are zero. 

The workpiece coordinate system Ow-XwYwZw and tool coordinate system OT-XTYTZT 

are each attached to the workpiece and the cutting spindle, respectively. 

The compensation algorithm for the multi-tasking machine tool is shown in Fig 3.4.  
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Figure 3.4 Compensation algorithm 

 

In order to compensate the influence of geometric deviations on the positioning 

accuracy of the tool center point, other error sources described in Table 1.1 are ignored and 

not considered in this study. If the geometric deviations are all zero, the measured 

trajectory of the spindle controlled by the interpolated X, Y, and Z coordinate values will 

meet the desired circular trajectory controlled by a rotary axis. Thus, the eccentricity of the 

trajectory will be zero in theory. However, in the actual measurement, the trajectory of the 

spindle is not completely consistent with the theoretical circular trajectory because the 

geometric deviations are not zero. Therefore, there is an amount of eccentricity. 

The main idea of the compensation is to add the opposite value of geometric deviation 

obtained from the first identification step to the homogenous transformation matrix to 

eliminate its influence on the eccentricity of the trajectory. Thus, the NC code of the 

interpolated circular trajectory after the compensation is the corrected NC code. For 

example, if the identified value of 𝛼XB is +32 arcsecond, -32 arcsecond is substituted to 
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𝑀XB to calculate the compensated X, Y, and Z coordinate values for modifying the NC 

code to improve the positioning accuracy of the spindle. 

The ideal kinematic module, which gives explicit solution for both forward and 

inverse kinematics module for the targeted machine configuration, is briefly reviewed at 

first because it is the basis of compensating the geometric deviations [65]. 

The forward kinematic formula is adopted to evaluate the position of TCP from three 

linear drives' displacements (Step 1 in Fig. 3.4). Equation (3.4) is to transform X, Y and Z 

coordinates of the TCP position in the machine coordinate system to 𝑋𝑊𝐼, 𝑌𝑊𝐼and 𝑍𝑊𝐼 in 

the workpiece coordinate system based on the forward kinematic. In there, 𝑋𝑊𝐼, 𝑌𝑊𝐼and 

𝑍𝑊𝐼 are the coordinates of the ideal position of TCP, ignoring the geometric deviations of 

the machine tool. 

𝑃 = [

𝑋𝑊𝐼
𝑌𝑊𝐼
𝑍𝑊𝐼
1

] = 𝐸C
−1𝐸B [

𝑋
𝑌
𝑍
1

]                                       (3.4) 

Where, 𝐸C
−1 and 𝐸B are the forward kinematic transformation matrices of the machine 

tool. The whole kinematic chain is counted from the workpiece towards the cutting spindle. 

Thus, in the forward kinematic 𝐸B represents the displacement when B axis is rotated at the 

angle ∅, shown in Eq. (3.5). Due to the topological structure of the targeted machine tool, 

shown in Fig. 2.1, C rotary axis as the workpiece table is on the opposite side of the 

spindle. Therefore, the forward kinematic transformation matrix 𝐸C
−1 is calculated from the 

inverse of transformation matrix 𝐸C which is the displacement when C axis is rotated at the 

angle 𝜃. The 𝐸C
−1 is expressed in Eq. (3.6). 

𝐸B = [
  cos ∅ 0

0  1 sin ∅ 0
0 0

− sin∅ 0
0 0

cos ∅ 0
0 1

]                                   (3.5) 

𝐸C
−1 =  [

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

0 0
0 0

0        0
0        0

1 0
0 1

]

−1

= [
cos 𝜃 sin 𝜃
−sin 𝜃 cos 𝜃

0 0
0 0

0        0
0        0

1 0
0 1

]         (3.6) 

However, the actual position of TCP becomes 𝑃′  due to the geometric deviations 

which can be predicted by the forward kinematics of the machine tool (Step 2 in Fig. 3.4). 

Equation (3.7) is to calculate the actual position in the workpiece coordinate system by 

inputting the identified values of the geometric deviations existing in the machine tool to 

the forward kinematic (Step 3 in Fig. 3.4). 
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𝑃′ = [

𝑋𝑊𝐴
𝑌𝑊𝐴
𝑍𝑊𝐴
1

] = 𝐸C
−1𝑀CZ

−1𝑀XB𝐸B𝑀BT [
𝑋
𝑌
𝑍
1

]                           (3.7) 

Where, 𝑋𝑊𝐴 , 𝑌𝑊𝐴 and 𝑍𝑊𝐴  are the coordinates of the actual position of TCP, 

considering the geometric deviations of the machine tool. 𝑀CZ is an HTM of the geometric 

deviations between C axis and the bed of the machine tool, and 𝑀XB is an HTM of the 

geometric deviations between B and the X axes, and 𝑀BT is an HTM of the geometric 

deviations between the spindle and B axis. The 𝑀CZ
−1, inverse of the transformation matrix 

𝑀CZ, is used in Eq. (3.7) by analyzing the whole kinematic chain that is counted from the 

workpiece towards the cutting spindle. The reason is that the geometric deviations between 

C axis and the bed of the machine tool are on the opposite side of the spindle. By ignoring 

the higher-order terms, the 𝑀CZ
−1, 𝑀XB, and 𝑀BT are expressed in Eqs. (3.8) - (3.10). 

𝑀CZ
−1 = [

1       0
0       1

𝛽CZ 𝛿𝑥CZ
−𝛼CZ 𝛿𝑦CZ

−𝛽CZ 𝛼CZ
0 0

1     0
0     1

]

−1

= [
1       0
0       1

−𝛽CZ −𝛿𝑥CZ
𝛼CZ −𝛿𝑦CZ

𝛽CZ −𝛼CZ
0 0

1     0
0     1

]   (3.8) 

𝑀XB = [

1 −𝛾XB
𝛾XB 1

𝛽XB 0
−𝛼XB 0

−𝛽XB 𝛼XB
0 0    1     0

0     1

]                                   (3.9) 

𝑀BT = [
1   0
0   1

0 𝛿𝑥BT
−𝛼BT 0

0 𝛼BT
0 0    1     𝛿𝑧BT

0       1

]                                   (3.10) 

The predicted position with geometric deviations (P′) are compared against the ideal 

desired trajectory (P) to predict the error components ∆, shown as Eq. (3.11) (Step 4 in Fig. 

3.4). 

∆= 𝑃 − 𝑃′ = [

𝑋𝑊𝐼
𝑌𝑊𝐼
𝑍𝑊𝐼
1

] − [

𝑋𝑊𝐴
𝑌𝑊𝐴
𝑍𝑊𝐴
1

]                                     (3.11) 

The error components are added to the desired trajectory (P) to generate a new 

position of TCP (𝑃C) with the compensation of geometric deviations, shown as Eq. (3.12) 

(Step 5 in Fig. 3.4). 

𝑃C =

[
 
 
 𝑋𝑊

𝐶

𝑌𝑊
𝐶

𝑍𝑊
𝐶

1 ]
 
 
 
= [

𝑋𝑊𝐼
𝑌𝑊𝐼
𝑍𝑊𝐼
1

] + ∆                                         (3.12) 

Where, 𝑋𝑊
𝐶 , 𝑌𝑊

𝐶  and 𝑍𝑊
𝐶  are the coordinates of the compensated position of TCP in the 
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workpiece coordinate system. 

The new position of TCP (𝑃C) is passed through the inverse kinematic of the machine 

tool to generate the commands with the compensation of geometric deviations components 

(𝑋C, 𝑌C, 𝑍C) in the machine coordinate system, shown as Eq. (3.13) (Step 6 in Fig. 3.4). 

[
𝑋𝐶

𝑌𝐶

𝑍𝐶

1

] = 𝑀BT
−1𝐸B

−1𝑀XB
−1𝑀CZ𝐸C𝑃C = 𝑀BT

−1𝐸B
−1𝑀XB

−1𝑀CZ𝐸C

[
 
 
 𝑋𝑊

𝐶

𝑌𝑊
𝐶

𝑍𝑊
𝐶

1 ]
 
 
 
            (3.13) 

Where, 𝑀BT
−1, 𝐸B

−1, and 𝑀XB
−1 are the inverse of the transformation matrices 𝑀BT, 𝐸B, 

and 𝑀XB, respectively. Since B and C rotary axes exist on both sides of the bed in the 

multi-tasking machine tool respectively, the inverse of the transformation matrices, 𝑀BT
−1, 

𝐸B
−1, and 𝑀XB

−1, are used to reflect the geometric deviations and rotation of B axis, while the 

transformation matrices, 𝑀CZ  and 𝐸C , are used to reflect the geometric deviations and 

rotation of C axis in the inverse kinematics. 

However, this linear method does not compensate all the errors because of the 

nonlinear kinematic of the multi-tasking machine tool. If the geometric deviations are large, 

a second iteration may be needed. 

3.4 Conclusion 
In this chapter, to compensate the geometric deviations which exist in a multi-tasking 

machine tool, the current algorithms and compensation methods for five-axis machining 

centers are investigated firstly. Then, a simple compensation method without any iteration 

is established based on the idea of screw method. Conclusions are summarized as follows. 

1. Based on the analysis of the compensation methods for five-axis machining 
centers, the idea of screw method is used to model kinematics of the targeted 

multi-tasking machine tool. 

2. The forward and inverse kinematics are analyzed in detail for the targeted 
machine tool. According to the topological structure, the formulae for the 

compensation are derived and they can be used to modify the NC code for 

compensating the influence of the geometric deviations on the position of tool 

center point. 
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Chapter 4  Identification and compensation 
with a ball bar 

4.1 Preface 

Referring to the simulation results in Chapter 2, if B axis is measured in the Cartesian 
coordinate system and C axis is measured in the cylindrical coordinate system, the mounting 
error of the workpiece side ball for a measuring instrument does not affect the eccentricity 
of the trajectory. Therefore, to eliminate the influence of the mounting errors on the 
eccentricity of trajectory, B axis measurements in the Cartesian coordinate system and C axis 
measurements in the cylindrical coordinate system are adopted in this study. 

In this chapter, a ball bar is used to identify the geometric deviations of a multi-tasking 
machine tool, which has a swivel spindle head in the horizontal position. In Section 4.2, a 
measuring procedure is designed based on the analysis of the influence factors on circular 
trajectories in case of four measuring patterns. In Section 4.3, the measuring procedure is 
applied in a common multi-tasking machine tool and the geometric deviations are identified 
by using the eccentricities of trajectories. In Section 4.4, according to the compensation 
method in Chapter 3, the NC code is modified to make the actual position of the spindle side 
ball reach the desired position. The influence of the existing geometric deviations on the 
eccentricities of measuring trajectories is compensated and the position error of tool center 
point (TCP) is reduced. 

4.2 Measuring procedure with a ball bar 

4.2.1 Introduction of ball bar 

A ball bar is one of the measuring instruments used to identify the geometric deviations. 
Figure 4.1 shows the configuration of the ball bar system. The ball bar system consists of a 
ball bar and two magnet sockets. The ball bar is essentially a one-dimensional ultra-high-
precision telescopic linear sensor with a precision ball at each end, with one fixed and the 
other spring-loaded. These two steel balls are magnetically supported by a magnet socket 
with a built-in permanent magnet. Two magnet sockets are attached to the work side and the 
spindle side, respectively. In addition, the socket on the spindle side has a screw mechanism 
for aligning the center of the spindle side ball with the center of the spindle. 
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Figure 4.2 shows the measurement by using the ball bar system. The two steel balls at 
both ends of the ball bar are attached to the work side socket and the spindle side socket, 
respectively. When the straight shaft and the swivel shaft are simultaneously controlled and 
moved, the relative distance between the two balls is kept constant. And the change in the 
relative distance can be measured and recorded as expansion and contraction with respect to 
the reference length. 

The ball bar used in this study is QC20-W manufactured by Renishaw, and the 
specification of the ball bar system is shown in Table 4.1. The QC20-W has a sphere diameter 
of 12.7 mm and has a built-in battery. The measurement results can be transmitted to the PC 
by wireless communication via Bluetooth. The reference length can be changed to 50 mm, 
100 mm, and 150 mm by using the extension bar. 

 
Figure 4.1 Configuration of Ball bar system (QC20-W, Renishaw) 
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Figure 4.2 Measurement by using ball bar system 
 

Table 4.1 Specification of ball bar system (QC20-W, Renishaw) 

4.2.2 Preparation before measurement 

Before conducting the measuring procedure, centering check and distance measurement 
are necessary to ensure accurate measurement values and prepare for the calculation of the 
geometric deviations. The operation in detail is explained as follows. 

1. Chucking of centering jig and fixing of work-side jig 
(1) Insert the tool-side centering jig into the collet chuck and tighten it sufficiently with 

a special tool so that it can be attached to the spindle. The chucking of the centering jig is 
shown in Fig. 4.3. 

Sensor resolution 0.1 μm 
Ball bar measurement accuracy (at 
20°C) 

±0.5 μm 

Ball bar measuring range (at 20°C) ±1.25 μm 
Sensor stroke ±1.0 mm 
Maximum sample rate 1000 Hz 

Data transmission range (Bluetooth, 
Class 2) 

10 m typical 

Operating temperature range 0°C~ 40°C 

Reference length 
100 mm 

(50mm, 150mm, 300 mm with 
extension) 
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Figure 4.3 Chucking of tool-side centering jig 
(2) Fix the cylindrical part of the work-side jig to the three-jaw chuck. This step is 

shown in Fig. 4.4. 

 
Figure 4.4 Fixing of work-side jig 

 
2. Measurement of tool length 𝑅B 
The measurement of tool length 𝑅B is shown in Fig. 4.5. 

 
Figure 4.5 Measurement of tool length 𝑅B 
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(1) Mount the magnet base equipped with the lever type dial gauge at the appropriate 

position of the work-side jig fixed to the chuck. 
(2) While adjusting X axis and Y axis, move the spindle head in the negative direction 

of Z axis, and touch the stylus of the dial gauge to the spindle nose. Take the reading of the 
dial gauge, ZG, and record the machine coordinate ZN of Z axis. The dial gauge may be set 
to zero.  

(3) Without moving the dial gauge, move the spindle head in the positive direction of 
Z axis, attach the collet chuck chucking the centering jig to the spindle, and then attach the 
dummy sphere.  

(4) Carefully move the spindle head so that the dummy sphere touch the dial gauge 
stylus and adjust the X and Y axes to find the X and Y positions that maximize the dial gauge 
reading. Carefully move the spindle head at that position until the dial gauge reads ZG. The 
machine coordinate ZD of this Z axis is recorded. 

(5) Tool length 𝑅B is the difference between ZN and (ZD－r). Here, r is the diameter 
of the dummy sphere. 

3. Centering check 
The operation of aligning the spindle side ball with the rotation center of the spindle is 

important to reduce the measurement error. This error has a significant effect on the 
measured eccentricities. 

(1) Fix the collet chuck holder to the spindle bore, and then attach a dummy sphere to 
the too spindle side socket. The work side socket is mounted on the work-side jig by visual 
inspection. 

(2) Move the spindle by the handwheel to make the dummy sphere docked to the work 
side socket. The work side socket is clamped, and the coordinate values (X0, Z0) in the 
machine coordinate system are recorded. Here, X0 is the coordinate value of X axis, and Z0 

is the coordinate value of Z axis. This step is shown in Fig. 4.6. 

 
Figure 4.6 Determination of machine coordinate (X0, Z0) 

 
(3) Move the spindle head away from the Z axis in the positive direction and move the 

X and Z axes to (X0-100, Z0) when the reference length of the ball bar is 100 mm. 
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(4) Set the spindle to “unclamp” to align the spindle side ball with the rotation center 
of the spindle. Set the ball bar between the spindle side socket and the work side socket. 

(5) Turn the spindle slowly by hand and adjust the change in the distance between the 
two balls displayed on the PC screen to within ±1𝜇𝑚 by using the adjustment screws. This 
step is shown in Fig. 4.7. 

 
Figure 4.7 Setting ball bar and minute adjustment 

4. Measurement of distance 𝑍C 
 

 
Figure 4.8 Measurement of the distance 𝑍C 

 
The measurement of distance 𝑍C is shown in Fig. 4.8. 
(1) Mount the magnet base equipped with the lever type dial gauge at the appropriate 

position of the tool setup stand.  
(2) While adjusting X axis and Y axis, move the spindle head in the negative direction 

of Z axis, and touch the stylus of the dial gauge to the surface of the work-side jig. Take the 
reading of the dial gauge, ZDG, and record the machine coordinate ZW of Z axis. The dial 
gauge may be set to zero. 

(3) Without moving the dial gauge, move the spindle head in the positive direction of 
Z axis, mount the work side socket on the work-side jig and clamp it, and then attach the 
dummy sphere. 

(4) Carefully move the spindle head so that the dial gauge stylus touch the dummy 
sphere and adjust the X and Y axes to find the X and Y positions that maximize the dial 
gauge reading. Carefully move the spindle head at that position until the dial gauge reads 
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ZDG. The machine coordinate ZDW of this Z axis is recorded. 
(5) The distance 𝑍C is the difference between (ZDW－r) and ZW. Here, r is the diameter 

of the dummy sphere. 

4.2.3 Measuring patterns and relationship between eccentricities and 
geometric deviations 

1. Pattern BX: B axis X direction measurement 
The B axis X direction measurement is designed as shown in Fig. 4.9. It is named by 

the sensitive direction of ball bar during the measurement. The ball bar is placed horizontally 
along X axis and still stationary when B axis rotates from 0 degrees to 90 degrees around 
the spindle side ball. Since the sensitive direction of ball bar is always kept parallel to X axis, 
this measurement is named pattern BX. The influence of each geometric deviation on the 
eccentricity of pattern BX is analyzed as follows. 

 

 
Figure 4.9 B axis X-direction measurement 

(1) Positional deviation, δzBT 
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Figure 4.10 Influence of 𝛿𝑧BT  on the eccentricity of BX measurement 

δzBT can be explained as an error in the Z direction of the center of spindle side ball 

with respect to the B axis origin. If δzBT ! 0 and supposing there are not any other geometric 
deviations, the center coordinate of spindle side ball should be shifted to the +X direction by 
the distance δzBT, illustrated in Fig. 4.10. Therefore, 

 𝑒𝑥BX = 𝛿𝑧BT                                             (4.1) 
In there, 𝑒𝑥BX is the center eccentricity of the trajectory in the X direction when B axis 

X direction measurement is conducted. As δzBT can be considered as the error of the tool 
length and is adjustable when measuring every time, the value of 𝑒𝑥BX  is different 
according to the setting error of the spindle. Moreover, 𝑒𝑥BX can not be compensated by 
modifying the coordinates of X, Y and Z axes. Thus, 𝑒𝑥BX  is not considered and the 
identification of δzBT is not studied in this thesis. 

(2) Angular deviation, βXB  

 
Figure 4.11 Influence of 𝛽XB on the eccentricity of BX measurement 
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The influence of βXB on the eccentricity is illustrated in Fig. 4.11. Because of the 

inclination of B axis by βXB around Y axis, supposing βXB ! 0, the center coordinate of 
spindle side ball will differ in +Z direction by the distance RBβXB. Thus, the eccentricity of 
the trajectory in the Z direction 𝑒𝑧BX will occur, shown in Eq. (4.2). 

 𝑒𝑧BX = 𝑅B𝛽XB                                             (4.2) 

In there, RB represents the tool length. 

2. Pattern BY: B axis Y direction measurement 
 

 
Figure 4.12 B axis Y-direction measurement 

 
Figure 4.12 shows B axis Y direction measurement. During this measurement, B axis 

is rotated from 0 degrees to 90 degrees around the spindle side ball, and the motions of B, X 
and Z axes are driven analogously as those in the pattern BX. However, the sensitive 
direction of the ball bar is set as parallel to Y axis. Therefore, it is called B axis Y direction 
measurement. The influence of each geometric deviation on the eccentricity of the trajectory 
is analyzed as follows. 

(1) Angular deviation, γXB 
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Figure 4.13 Influence of 𝛾XB on the eccentricity of BY measurement 
 
The influence of γXB on the eccentricity of the BY measurement is illustrated in Fig. 

4.13. Because of the inclination of B axis by γXB around Z axis, supposing γXB ! 0 and there 
are not any other geometric deviations, the B axis origin is shifted to the -X direction by the 

distance RBJXB. Thus, the center eccentricity of the trajectory in -X direction can be 
expressed as Eq. (4.3). 

 𝑒𝑥BY = −𝑅B𝛾XB                                           (4.3) 

(2) Angular deviation, DXB 

 
Figure 4.14 Influence of 𝛼XB on the eccentricity of BY measurement 

 
The influence of DXB on the eccentricity of the BY measurement is illustrated in Fig. 

4.14. Similarly, because of the inclination angle DXB of B axis around X axis, supposing DXB 
! 0, the center coordinate of spindle side ball should be shifted in the YZ plane to the +Z 
direction by the distance RBDXB, shown in Eq. (4.4). 
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 𝑒𝑧BY = 𝑅B𝛼XB                                            (4.4) 
3. Pattern CR: C axis radial direction measurement 

 
Trajectory of workpiece side ball;     Trajectory of spindle side ball 

Figure 4.15 C axis radial direction measurement 
 
Figure 4.15 shows C axis radial direction measurement, which is called pattern CR. In 

this figure, the dashed circle represents the trajectory of workpiece side ball driven by C axis 
rotation. The solid circle represents the circular interpolation motion of spindle side ball 
driven by X and Y axes. RB is the length of the tool. The workpiece side ball reflects the 
rotation of C axis from 0 degrees to 360 degrees, and the spindle side ball moves under a 
circular interpolation motion of X and Y axes in the XY plane. The ball bar is used to measure 
the distance between these two balls. The sensitive direction of the ball bar is always 
consistent with the radial direction of the circular trajectory, so this measuring pattern is 
called C axis radial direction measurement, abbreviated by pattern CR. The influence of each 
geometric deviation on the eccentricity of this trajectory is analyzed as follows. 

(1) Deviations δxBT, δxCZ, βXB, and βCZ 
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Figure 4.16 Influence of (𝛿𝑥BT − 𝛿𝑥CZ) on the eccentricity of CR measurement 

 

The influence of (𝛿𝑥BT − 𝛿𝑥CZ) on the eccentricity is illustrated in Fig. 4.16. δxBT is an 

X direction error of the spindle centerline with respect to the B axis origin. δxCZ is an X 
direction error of the C axis centerline with respect to the machine coordinate system. The 

values of δxBT and δxCZ are included in the stretching and contraction change of ball bar. 

Because the workpiece side ball is mounted according to the position of the spindle side ball 

by a reference sphere, the values of δxBT and δxCZ can’t be separated accurately. Therefore, 

the distance of (𝛿𝑥BT − 𝛿𝑥CZ) can be measured as one unknown error that will affect the 
eccentricity of X direction. 

 
Figure 4.17 Influence of 𝛽XB and 𝛽CZ on the eccentricity of CR measurement 

 
In Fig. 4.17, because of the inclination angle βXB of B axis around Y axis, supposing 

βXB ! 0, the center coordinate of spindle side ball differs in -X direction by the distance 
ZTβXB. By the same analysis, the inclination angle βCZ of C axis around Y axis causes the 
center coordinate of spindle side ball to differ in +X direction by the distance ZCβCZ. In 
conclusion, the eccentricity of the trajectory in X direction  𝑒𝑥CR is affected by (𝛿𝑥BT −
𝛿𝑥CZ), βXB and βCZ, which is expressed as Eq. (4.5). 
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 𝑒𝑥CR = (𝛿𝑥BT − 𝛿𝑥CZ)−𝑍T𝛽XB + 𝑍C𝛽CZ                        (4.5) 
In there, ZT indicates Z axis coordinate of the tool-holding spindle head in the machine 

coordinate system. ZC indicates Z direction distance of the center position of the workpiece 
side ball to the surface of C axis table. 

(2) Deviations δyCZ, DXB, DBT, αCZ, and γXB 

 

Figure 4.18 Influence of 𝛿𝑦CZ and 𝛼CZ,   𝛼BT,   𝛼XB on the eccentricity of CR 
measurement 

 
With the same analysis as the eccentricity of the trajectory in X direction, the 

eccentricity of the trajectory in Y direction 𝑒𝑦CR is affected by δyCZ, DXB, DBT, αCZ, and γXB, 
expressed as Eq. (4.6). As explained in Fig. 4.18, δyCZ will cause the eccentricity in -Y 
direction. The eccentricity in +Y direction by the distance ZT(DXB+DBT) will occur under the 
influence of DXB and DBT. In the table side, the angular deviation αCZ causes the center 
coordinate of spindle side ball to shift to -Y direction by the distance ZCαCZ. In the XY plane, 
illustrated in Fig. 4.19, the geometric deviation γXB causes the center coordinate of spindle 
side ball to shift to the -Y direction by the distance XTJXB. In conclusion, the contributors of 
the eccentricity in Y direction 𝑒𝑦CR is expressed as Eq. (4.6). 



Identification and compensation with a ball bar 

64 
 

 
Figure 4.19 Influence of 𝛾XB on the eccentricity of CR measurement 

 𝑒𝑦CR = −𝛿𝑦CZ + 𝑍T (𝛼XB + 𝛼BT) − 𝑍C𝛼CZ − 𝑋T𝛾XB              (4.6) 
In there, XT indicates X axis coordinate of the tool-holding spindle head in the machine 

coordinate system. 
4. Pattern CA: C axis axial direction measurement 
C axis axial direction measurement is carried out as Fig. 4.20. In there, the dashed circle 

represents the trajectory of workpiece side ball driven by C axis rotation. The solid circle 
represents the circular interpolation motion of spindle side ball driven by X and Y axes. 
Because the sensitive direction of ball bar is always consistent to the axial direction of C 
axis during its rotation, this measuring pattern is called C axis axial direction measurement. 

 

Trajectory of workpiece side ball;     Trajectory of spindle side ball 
Figure 4.20 C axis axial direction measurement 
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The influence of each geometric deviation on the eccentricity of this circular trajectory 
is analyzed as follows. 

(1) Angular deviation, βCZ 

 
Figure 4.21 Influence of 𝛽CZ on the eccentricity of CA measurement 

 
In this measurement, the eccentricity of the trajectory in X direction 𝑒𝑥CA  is 

influenced by angular deviation βCZ. As shown in Fig. 4.21, supposing βCZ ! 0, the center 
coordinate of workpiece side ball is shifted to +X direction by the distance RCβCZ. Therefore, 
𝑒𝑥CA can be expressed as Eq. (4.7). 

 𝑒𝑥CA = 𝑅C𝛽CZ                                            (4.7) 
In there, RC is the radius of the circular trajectory. 

(2) Angular deviation, αCZ 

 

Figure 4.22 Influence of 𝛼CZ on the eccentricity of CA measurement 
 
The eccentricity of the trajectory in Y direction 𝑒𝑦CA  is influenced by angular 
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deviation αCZ in the YZ plane. As shown in Fig. 4.22, supposing αCZ ! 0, the center 

coordinate of workpiece side ball is shifted to -Y direction by the distance RCαCZ. Therefore, 
𝑒𝑦CA can be expressed as Eq. (4.8). 

 𝑒𝑦CA = −𝑅C𝛼CZ                                          (4.8) 

4.2.4 Measuring procedure 

To calculate eight unknown parameters (DCZ, ECZ, DXB, EXB, JXB, DBT, (GxCZ-GxBT), GyCZ), 
pattern CR is needed to be measured again by changing the value of parameter RB to get 
another independent expression. The reason is that only seven expressions of the 
eccentricities (from Eq. (4.2) to Eq. (4.8)) can be used to calculate geometric deviations 
through carrying out above four measuring patterns. They are not enough to calculate eight 
unknown parameters. Therefore, the measuring procedure is designed as follows. 

Step 1: Set the ball bar parallel to X axis and carry out the B axis X direction 
measurement. The simultaneous B, X and Z axis movement is controlled by the generated 
NC code under the measured tool length RB. 

Step 2: Set the ball bar parallel to Y axis and carry out the B axis Y direction 
measurement by using the same simultaneous B, X and Z axis movement as step 1. 

Step 3: Move the workpiece side ball to the position RC, which is the distance from the 
centerline of C axis to the center of the workpiece side ball and carry out the C axis radial 
direction measurement. The NC code is changed to drive simultaneous C, X and Y axis 
movement.  

Step 4: Set the ball bar parallel to Z axis without moving the workpiece side ball and 
carry out the C axis axial direction measurement. The simultaneous movement of C, X and 
Y axes always makes the sensitive direction of ball bar parallel to the Z axis direction. 

Step 5: Attach a 50 mm extension bar at the spindle side to change the tool length from 
𝑅B to 𝑅B

′ . Since the center of the spindle side ball is shifted by attaching the extension bar, 
the alignment operation of the spindle side ball with the rotation center of the spindle is 
required. Then, the tool length  𝑅B

′   should be measured again and the parameter ZT is 
correspondingly changed to 𝑍T

′  . After these pretreatments, C axis radial direction 
measurement is performed again under the modified NC code by using the measured tool 
length 𝑅B

′ . This step is depicted in Fig. 4.23. Compared with Fig. 4.15, the tool length is 
changed from 𝑅B to 𝑅B

′  by using the extension bar. 
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Figure 4.23 C axis radial direction measurement at the conditions of 𝑅B

′  
 
According to Eq. (4.6) of Section 4.2.3, the measured Y direction eccentricity of circular 

trajectory in this step can be expressed as follows. 
𝑒𝑦CR

′ = −𝛿𝑦CZ + 𝑍T
′ (𝛼XB + 𝛼BT) − 𝑍C𝛼CZ − 𝑋T𝛾XB               (4.9) 

4.2.5 Formulae to identify geometric deviations 

According to the eccentricities of measured circular arcs or circles trajectory, eight 
geometric deviations can be calculated and identified as follows. 

Observing the Eqs. (4.2) to (4.9), there is only one unknown geometric deviation in Eqs. 
(4.2), (4.3), (4.4), (4.7), and (4.8). Therefore, the unknown geometric deviation can be 
directly calculated according to the related equations. Thus, five geometric deviations are 
derived, shown in the following Eqs. (4.10) to (4.14). 

𝛼CZ = − 𝑒𝑦CA
𝑅C

                                            (4.10) 

𝛽CZ = 𝑒𝑥CA
𝑅C

                                              (4.11) 

𝛼XB = 𝑒𝑧BY
𝑅B

                                              (4.12) 

𝛽XB = 𝑒𝑧BX
𝑅B

                                              (4.13) 

𝛾XB = − 𝑒𝑥BY
𝑅B

                                            (4.14) 
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Then, substituting the results of Eqs. (4.11) and (4.13) into Eq. (4.5), the deviation 

(GxCZ-GxBT) can be determined as Eq. (4.15). 

(𝛿𝑥CZ − 𝛿𝑥BT) = −𝑒𝑥CR + 𝑍C
𝑒𝑥CA

𝑅C
− 𝑍T

𝑒𝑧BX
𝑅B

                   (4.15) 

Finally, substituting the results of Eqs. (4.10), (4.12), and (4.14) into Eqs. (4.6) and 
(4.9), the following two relationships are obtained. 

{
𝛿𝑦CZ − 𝑍T𝛼BT = 𝑍T𝑒𝑧BY+𝑋T𝑒𝑥BY

𝑅B
+ 𝑍C

𝑅C
𝑒𝑦CA − 𝑒𝑦CR

𝛿𝑦CZ − 𝑍T
′ 𝛼BT = 𝑍T

′ 𝑒𝑧BY+𝑋T𝑒𝑥BY
𝑅B

+ 𝑍C
𝑅C

𝑒𝑦CA − 𝑒𝑦CR
′

             (4.16) 

Therefore, the other two geometric deviations are calculated by the following Eqs 
(4.17) and (4.18). 

𝛼BT = 𝑒𝑦CR
′ －𝑒𝑦C𝑅

𝑍T
′ −𝑍T

− 𝑒𝑧B𝑌
𝑅B

                                   (4.17) 

𝛿𝑦CZ = 𝑍C
𝑒𝑦CA

𝑅C
+ 𝑍T𝑒𝑦CR

′ －𝑍T
′ 𝑒𝑦C𝑅

𝑍T
′ −𝑍T

+ 𝑋T
𝑒𝑥B𝑌

𝑅B
                    (4.18) 

4.3 Identified results 

4.3.1 Parameters of the targeted multi-tasking machine tool 

The targeted machine tool in this study is INTEGREX i-200, a multi-tasking machine 
tool manufactured by Yamazaki Mazak Corporation, as shown in Fig. 4.24. It integrates 
turning and milling functionalities by adding a swivel spindle head to a turning machine tool. 
The specifications are shown in Table 4.2. 

 

 
Figure 4.24 Multi-tasking machine tool (INTEGREX i-200) 

 



Identification and compensation with a ball bar 

69 
 

Table 4.2 Specification of INTEGREX i-200 

Specification Bed Length – 1000U in 

Capacity Maximum Machining Diameter 658 mm 

Maximum Bar Work Capacity 65 mm 

Maximum Machining Length 1011 mm 

Main Spindle Chuck Size 8 in 

Maximum Speed 5000 rpm 

Motor Output (30 minute rating) 22 kw / 30.0 hp 

Milling Spindle B-Axis Travel 240q 
Maximum Speed 12000 rpm 

Motor Output (20 ED Rating) 22 kw / 30 hp 

Travel (X Axis) 615 mm 

Travel (Y Axis) 250 mm 

Travel (Z Axis) 1077 mm 

 

4.3.2 Measured circular trajectories 

Due to the limit of Y axis movable range shown in Table 4.2, the distance between the 
center line of C axis and the center of the workpiece side ball is set as 𝑅C = 50 𝑚𝑚 for 
pattern CR and CA measurements. The reference length of ball bar is 100 mm. Feed speed 
is set to 1000 mm/min. The measuring conditions during each step are shown in Table 4.3. 

 
Table 4.3 Measuring conditions  

Measuring steps 𝑅B (mm) 𝑍C (mm) 𝑍T (mm) 𝑋T (mm) 
1. Pattern BX 356.3945 65.5348 112.2877 490 

2. Pattern BY 356.3945 65.5348 112.2877 490 

3. Pattern CR 356.3945 65.5348 112.2877 490 

4. Pattern CA 356.3945 65.5348 112.2877 490 

5. Pattern CR (𝑅B
′ , 𝑍T

′ ) 406.4608 65.5348 62.2491 490 

 
Where, 𝑅B  is the tool length. 𝑍C  is Z axis coordinate of the center position of the 

workpiece side ball in table coordinate system. 𝑍T is Z axis coordinate of the tool-holding 
spindle head in machine coordinate system. 𝑋T is X axis coordinate of the tool-holding 
spindle head in machine coordinate system. 

The B axis measurement results in the Cartesian coordinate system are shown in Figs. 
4.25. and 4.26. The C axis measurement results in the cylindrical coordinate system are 
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shown in Figs. 4.27 and 4.29. Among them, Fig. 4.29 shows the result of C axis radial 
direction measurement again when the tool length 𝑅B is changed to 𝑅B

′ . 
 

 
Figure 4.25 B axis X-direction 

 
Figure 4.26 B axis Y-direction 

 
Figure 4.27 C axis radial direction 

 
Figure 4.28 C axis axial direction 

 
Figure 4.29 C axis radial direction (𝑅B

′ ) 
 

For each step, the measurement is conducted in the case of clockwise (CW) rotation 
and counterclockwise (CCW) rotation. In Figs 4.25-4.29, the red line represents the 
trajectory of CW measurement, and the blue line represents the trajectory of CCW 
measurement. The average value of CW and CCW eccentricities is used to identify 
geometric deviations and represented by the red cross in Figs 4.25-4.29. 

Except for geometric deviations, the motion accuracy and synchronization error can be 
also explored from the measured trajectory.  
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Viewing from the B axis X-direction measurement in Fig. 4.25, the CW and CCW 
trajectories are greatly different because of the synchronization error. The synchronization 
error is the difference between the speeds of the circular interpolation motion of X and Z 
axes and the rotary motion of B axis, which is caused by the mismatch between backlash 
and position loop gain. In addition, the pitch error is found in the trajectory, which is a 
periodical vibration observed during the rotation of the swivel B axis. It is manifested by the 
meshing of the worm gear. In the B axis X-direction measurement, the amplitude of the pitch 
error is not constant because the sensitive direction of ball bar changes with respect to the 
rotation direction of B axis. 

Viewing from the C axis radial direction measurement in Figs. 4.27 and 4.29, quadrant 
protrusion can be found, which is the error appeared when the movement direction of 
translational axis is switched during the circular interpolation motion. In fact, the quadrant 
protrusion does not affect the eccentricity of the trajectory. Therefore, it can be ignored when 
identifying the geometric deviations by using the measured eccentricity. 

4.3.3 Discussion about the repeatability of eccentricities 

The eccentricity of the circular trajectory is summarized in Table 4.4. In order to reduce 
the influence of random error on the measured results, the procedure is repeated three times 
and the average value and the standard deviation (V) are calculated. 

 
Table 4.4 Eccentricity of circular trajectory for each step 

Measurement 
steps and 
directions 

Eccentricity Measurement number Average 
(Pm) 

Standard 
deviation (V) 

(Pm) 
1 

(Pm) 
2 

(Pm) 
3 

(Pm) 
1. BX ex -51.4 -52.1 -51.6 -51.70 0.29 

ez -41.3 -42 -41.7 -41.67 0.29 

2. BY ex -9.4 -10 -9.8 -9.73 0.25 

ez -35.4 -36.7 -36.2 -36.10 0.54 

3. CR ex -47.9 -48 -48.1 -48.00 0.08 

ey 25.4 25.9 26 25.77 0.26 

4. CA ex -6.1 -6.1 -6.1 -6.10 0.00 

ey -0.3 -0.3 -0.2 -0.27 0.05 

5. CR 
 (𝑅B

′ ) 
ex -57.6 -57.8 -57.8 -57.73 0.09 

ey 28.5 28.4 28.6 28.50 0.08 

 
The standard deviation (V) is used to estimate the positioning repeatability at a position. 
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In Table 4.4, the maximum standard deviation is 0.54 Pm. Except for 0.54 Pm, other standard 
deviations are smaller than the ball bar measurement accuracy 0.5 Pm shown in Table 4.1. 
It is concluded that the measured eccentricities are stable and reliable, and they can be used 
to calculate the geometric deviations. 

4.3.4 Identified geometric deviations 

Eight geometric deviations are identified by substituting the average values of the 
obtained eccentricities into Eqs. (4.10) - (4.15), (4.17), and (4.18). The identified results are 
shown in Table 4.5. 

 
Table 4.5 Identified geometric deviations exiting in the machine tool 

Deviation Identified value Deviation Identified value 

𝛼CZ (″) 1.10 𝛾XB (″) 5.63 

𝛽CZ (″) -25.16 𝛼BT (″) 9.63 

𝛼XB (″) -20.89 (𝛿𝑥CZ − 𝛿𝑥BT) (Pm) 53.13 

𝛽XB (″) -24.11 𝛿𝑦CZ (Pm) -45.63 

 
Since the spindle of the targeted multi-tasking machine tool is in the horizontal position, 

the gravity will greatly cause the geometric deviations of XZ plane and the positional 
deviation in X axis direction. Therefore, it is discovered that angular geometric deviations 
(𝛽CZ and 𝛽XB) of XZ plane are larger than other angular geometric deviations (𝛼CZ, 𝛼XB, 
𝛼BT and 𝛾XB) of YZ and XY planes. In regard to the positional deviations of C axis, the 
offset value in X axis direction is larger than that in Y axis direction.  

4.4 Compensated results 

4.4.1 NC codes before and after compensation 

The compensation method of the geometric deviations existing in the targeted machine 
tool is proposed in Chapter 3 based on the screw theory. Based on the proposed compensation 
idea, the modified NC code after compensation is generated by substituting the identified 
values of the geometric deviations into Eq. (3.10). The calculation is conducted by MATLAB. 
For an example, the original and compensated NC codes of B axis X direction measurement 
are shown in Fig. 4.30. 
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(a) Original NC code 

 
(b) Compensated NC code 

Figure 4.30 Original and compensated NC codes for B axis X direction measurement 

4.4.2 Comparison with the eccentricities before and after the 
compensation 

The influence of geometric deviations on TCP after the compensation is investigated to 
evaluate the eccentricities by using the same formula. Four measuring patterns of ball bar 
are performed again under the modified NC code. The eccentricities after the compensation 
are shown in Table 4.6. The trajectories of each measuring pattern before and after the 
compensation are compared in Figs. 4.31 and 4.32. In the figures, the red line represents the 
trajectory before the compensation and the blue line represents the trajectory after the 
compensation. The centers of each trajectory are also represented by the red and blue lines, 
respectively. 
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Table 4.6 Eccentricity of circular trajectory after compensation 

Measurement steps and 
directions 

Eccentricity Measured values after 
compensation(Pm) 

1. BX ex -27.8 

ez -3.8 
2. BY ex -0.7 

ez 0.4 
3. CR ex -0.8 

ey 2.7 
4. CA ex 0.3 

ey -0.2 

5. CR (𝑅B
′ ) ex -5.8 

ey 0.5 

 
 

  
B axis X-direction B axis Y-direction 

Figure 4.31 Measured trajectories of B axis before and after compensation 
 

  
C axis radial direction C axis axial direction 

Figure 4.32 Measured trajectories of C axis before and after compensation 
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The measured eccentricities after the compensation are compared with those before the 
compensation, shown in Fig. 4.33. It is found that the absolute values of the eccentricities 
after the compensation are not over 5.8 Pm except for the eccentricity 𝑒𝑥BX. As mentioned 
in the Section 4.2.3, the eccentricity 𝑒𝑥BX is strongly affected by the value of tool length 
𝑅B . Thus, it is depended on the positioning error of the spindle side ball before the 
measurement. Therefore, the eccentricities 𝑒𝑥BX before and after the compensation are not 
considered in this study. As a result, it is concluded that the trajectories after the 
compensation are accurate enough to meet the requirement of the conventional machining. 

 

 
Figure 4.33 Comparison of eccentricities before and after compensation 

 

4.4.3 Comparison with the identified geometric deviations before and 
after the compensation 

Table 4.7 summarizes the corresponding geometric deviations after compensating the 
influence of the geometric deviations on TCP. Figure 4.34 shows that the corresponding 
values of angular geometric deviations after the compensation are not over 2.2 arcseconds 
except for 𝛼BT and the corresponding values of positional geometric deviations are not over 
2.4 micrometers. It is concluded that the influence of the geometric deviations on TCP is 
compensated effectively. 
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Table 4.7 Corresponding geometric deviations by compensating the influence of the 
geometric deviations on TCP 

Deviations Corresponding 
values 

Deviations Corresponding 
values 

𝛼CZ (″) 0.83 𝛾XB (″) 0.41 

𝛽CZ (″) 1.24 𝛼BT (″) 8.84 

𝛼XB (″) 0.23 (𝛿𝑥CZ − 𝛿𝑥BT) (Pm) 2.39 

𝛽XB (″) -2.20 𝛿𝑦CZ (Pm) 1.01 

 

 
Figure 4.34 Comparison between identified geometric deviations before the 

compensation and their corresponding values after the compensation 
 
It is also found that the influence of 𝛼BT on TCP is scarcely reduced by this method. 

The reason is that the spindle axis is not controlled for angular positioning, and the 
compensation method is to correct the coordinate value of the spindle nose not to correct the 
center of stylus sphere. As shown in Fig. 4.35, the center coordinate of spindle side ball is 
calculated by adding the measured vertical distance L1 to the coordinate (𝑋T, 𝑌T, 𝑍T)  of 
spindle nose. Thus, the value of the angular geometric deviation 𝛼BT about the spindle axis 
is not included in the modified NC code through the compensation method. Therefore, this 
method could not compensate the influence of the geometric deviation 𝛼BT on TCP. 
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Figure 4.35 Influence of 𝛼BT on TCP 

4.5 Conclusion 

In this chapter, a measuring procedure for identifying geometric deviations is 
investigated. The B axis measurements in the Cartesian coordinate system and the C axis 
measurements in the cylindrical coordinate system are conducted in a multi-tasking 
machine tool by a ball bar. An experiment modifying the NC code is also conducted to 
compensate the influence of the geometric deviations on TCP. Conclusions are 
summarized as follows. 
1. A measuring procedure by a ball bar for identifying the geometric deviations is 

designed according to the analysis of the influence factors for each trajectory. Four 
measuring patterns are conducted to identify eight geometric deviations which are 
inherent to a multi-tasking machine tool. 

2. The trajectories after the compensation by modifying the NC code are also 
measured and compared with those before the compensation. 

3. From the experimental results, the geometric deviations about two rotary axes (B 
and C axes) could be compensated effectively. However, the geometric deviations 
of the spindle (𝛼BT, 𝛿𝑥BT, and 𝛿𝑧BT) could not be compensated by this method. 

4. After modifying the NC code, the corresponding values of angular geometric 
deviations are not over 2.2 arcseconds except for 𝛼BT and positional geometric 
deviations are not over 2.4 micrometers. Therefore, it is confirmed that the position 
error of TCP is reduced significantly after the compensation. 
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Chapter 5  Verification measurement with 
a touch-trigger probe 

5.1 Preface 

In order to verify the identification and compensation methods of the geometric 
deviations by a ball bar, another traditional and practical measurement instrument, a touch-
trigger probe, is studied in this chapter.  

In Section 5.2, a measuring procedure using a touch-trigger probe is devised to identify 
the geometric deviations for a multi-tasking machine tool with a swivel spindle head in a 
horizontal position. In addition, the formulae to calculate the geometric deviations are 
derived by analyzing the influence of the geometric deviations on the measurements for the 
respective rotations of B and C axes. In Section 5.3, the measuring procedure is applied in 
INTEGREX i-200, and the geometric deviations are identified by the proposed calculation 
method. The identified values are compared to those obtained from the ball bar 
measurements in Chapter 4. It can be concluded that the identification and compensation 
methods by a ball bar are effective to identify the angular geometric deviations related to the 
rotary B and C axes of a multi-tasking machine tool. 

5.2 Measuring procedure by touch-trigger probe 

5.2.1 Introduction of touch-trigger probe 

The high-accuracy touch-trigger probe RMP600 by Renishaw is used for the 
measurement. This type of touch-trigger probe provides good characteristics for the 
measurement since it is suitable for process setting, in-process control and post-process 
monitoring.  

The probe is a detector that captures three-dimensional coordinates by contacting the 
stylus with the measured workpiece. The probe is classified into two types, one is a touch-
trigger type that captures discrete coordinate values and the other is a copy measurement 
form that captures continuous displacements. For the touch-trigger type, there are two 
general mechanisms. One is the kinematic structure, which has a mechanical three-point 
support structure shown in Fig. 5.1(a). Via a rigid shaft, the stylus sphere is attached to a 
stylus center equipped with a switch at each of its three bearing points. When the stylus is 
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contacted to the workpiece from a given direction, at least one of these switches will be 
opened. This is then further processed as a trigger signal. When the stylus separates from the 
workpiece, the spring set on the top of the stylus center can make the stylus sphere return to 
the original position accurately. The major disadvantage of this mechanism lies in the fact 
that the variation of probing forces according to the probing direction results in a stylus 
deflection of varying elasticity. This in turn results in a directional probing behavior which 
is difficult to correct.  

The other is a strain gauge probe that uses the strain gauge as the detection device to 
convert mechanical signals to electrical ones, shown in Fig. 5.1(b). The measured pressure 
of the strain gauge probe is smaller than that of the first mechanical kinematic type because 
the slight displacement of the stylus is detected by the strain gauge. Therefore, when the 
stylus touches the measured workpiece, the signal can be output without slippage. Another 
advantage of this probe is that non-directional probing behavior can be achieved by using 
the strain gauge.  

Figure 5.2 shows the touch-trigger probe RPM600 used in this study, which is a high-
precision radio signal transduction probe manufactured by Renishaw. Table 5.1 shows its 
specifications. The advanced strain gauge technology is adopted in the RPM600. Since the 
influence of the sensor on the measuring uncertainty is minimal, highly accurate 
measurements can be achieved based on the high repeatability. Figure 5.3 shows the radio 
machine interface (RMI), which is a unit that integrates a wireless transceiver and an 
interface. This unit performs wireless communication between the touch-trigger probe and 
the measured machine tool, and the wireless interference can be eliminated by the frequency 
hopping (FHSS) wireless communication method. 
  

(a) Kinematic type (b) Strain gauge type 
Figure 5.1 Principles of touch-trigger probe 

Strain gauge Structure 

Stylus 
center 

Stylus 

Spring 

Ball & 
Roller 
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Figure 5.2 RMP600 manufactured by Renishaw 

 

Figure 5.3 Radio machine interface (RMI) of the touch-trigger probe RMP600 
 

Table 5.1 Specification of RMP600 

Transmission type 
Frequency hopping spread spectrum 
(FHSS) radio 

Radio frequency 2400 MHz～2483.5 MHz 

Weight without shank (including batteries) 1010 g 

Sense directions ±X，±Y，+Z 

Unidirectional repeatability 
50mm stylus 0.25 µm 

100mm stylus 0.35 µm 

Stylus trigger force 
XY plane 0.2 N 

+Z direction 1.9 N 

Stylus overtravel force 
XY plane 2.8 N 

+Z direction 9.8 N 

Minimum probing speed 3 mm/min 

Sealing IPX8（EN/IEC60529） 
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5.2.2 Preparation before measurement 

Before conducting the measuring procedure, calibration of the stylus sphere of the 
touch-trigger probe from the spindle is necessary to ensure accurate measurement values and 
simplify the measuring procedure for identifying the geometric deviations [66]. The 
calibration is the work of correcting the misalignment when assembling the probe, stylus to 
the spindle holder, and measuring the length of the probe. It includes the following three 
steps. 

Step 1: Checkup the runout of the stylus. 
(1) Insert the stylus into the touch-trigger probe and tighten it sufficiently with a special 

tool so that it can be attached to the spindle. The completion of this step is shown in Fig. 5.4. 

 

Figure 5.4 Attachment of the touch-trigger probe on the spindle 
 
(2) Attach a lever type dial gauge to the workpiece table at an appropriate position. The 

lever type dial gauge should be able to read 1/1000 mm. Before setting the dial gauge, adjust 
the sensitivity to the extent to be touched lightly. 

(3) Read the dial gauge while rotating the spindle slowly by hand. Adjust the change of 
the reading to within ±2.5𝜇𝑚 by using the adjustment screws. This step is shown in Fig. 
5.5. 
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Figure 5.5 Checkup the runout of the stylus 

 
Step 2: Measure the tool length 𝑅B and set the origin of the work coordinate system 

in the Z axis direction. 
The tool length is measured automatically by the “tool eye” function of the Integrex 

and record the tool length in the G54.1 command to complete the setting of work coordinate 
system in the Z axis direction. This step is shown in Fig. 5.6. 

 

 

Figure 5.6 Measurement of the tool length 
 
Step 3: Correct the positions of the touch-trigger probe in X and Y directions. 
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(1) Secure the reference sphere to the workpiece table. 
(2) Mount the lever type dial gauge onto the spindle nose and slowly rotate the spindle 

until a constant reading is achieved over 360q. The change of the reading is to within ±2𝜇𝑚. 
This step is shown in Fig. 5.7.  

 

  
Figure 5.7 Aligning the reference sphere with the spindle 

 
(3) Run the probe setting program to ensure the center of the reference sphere as the 

desired position. Set the work offset of X and Y axes in the G54.1 command to complete the 
setting of work coordinate system in the X- and Y- axis directions.  

The distance between the center of the reference sphere and the workpiece table 𝑍C is 
another important parameter that should be measured before experiments. The measurement 
step is explained as follows, shown in Fig. 5.8.  

(1) Mount the magnet base equipped with the lever type dial gauge at the appropriate 
position of the tool setup stand.  

(2) While adjusting X axis and Y axis, move the spindle head in the negative direction 
of Z axis, and touch the stylus of the dial gauge to the surface of the work-side jig. Take the 
reading of the dial gauge, ZDG, and record the machine coordinate ZW of Z axis.  

(3) Without moving the dial gauge, carefully move the spindle head so that the dial 
gauge stylus touch the reference sphere and adjust the X and Y axes to find the X and Y 
positions that maximize the dial gauge reading. Carefully move the spindle head at that 
position until the dial gauge reads ZDG. The machine coordinate ZDW of this Z axis is recorded. 

(4) The distance 𝑍C is the difference between (ZDW－r) and ZW. Here, r is the diameter 
of the reference sphere. 
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(a) Coordinate of the workpiece table (ZW) (b) Coordinate of the reference sphere (ZDW) 

Figure 5.8 Measurement of the distance 𝑍C 

5.2.3 Measuring procedure 

The measuring procedure to identify the geometric deviations of C axis is devised as 
follows. 

Step 1: Insert a short stylus into the touch-trigger probe and calibrate the touch-trigger 

probe at C=0q and B=0q. Set the reference sphere at the position RC=100 mm, which is the 
distance from the centerline of C axis to the center of the reference sphere. Therefore, after 

the calibration, the center position of reference sphere in case of C=0q and B=0q is regarded 
as the standard position. Measure the distance 𝑍C  according to the steps described in 
Section 5.2.2.  

Step 2: To exclude the influence of other geometric deviations, the measurement is 
performed only under the condition of the rotation of C axis. The position of the reference 
sphere is measured at C=0q, C=90q, C=180q, C=270q, respectively. For example, Fig. 5.9 
shows the measurement in case of C=0q. 

 

 
Figure 5.9 Measurement for C axis geometric deviations in case of C=0q 
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The measuring procedure to identify the geometric deviations of B axis is devised as 
follows. 

Step 1: Set the reference sphere at the centerline of C axis. Conduct the step 3 of the 
calibration described in Section 5.2.2 to correct the X and Y positions of the reference sphere 
at C=0q and B=0q. Therefore, the center position of reference sphere is regarded as the 
standard position in case of C=0q and B=0q. 

Step 2: To exclude the influence of other geometric deviations, the measurement is 
performed only under the condition of the rotation of B axis. The position of the reference 
sphere is measured at B=0q and B=90q. For example, Fig. 5.10 shows the measurement in 
case of B=90q. 

 

 

Figure 5.10 Measurement for B axis geometric deviations in case of B=90q 
 
Step 3: Replace a long stylus into the touch-trigger probe to change the tool length from 

𝑅B to 𝑅B
′ . The calibration of the touch-trigger probe is required again because the center of 

the stylus sphere is shifted. Therefore, the whole steps for the calibration should be 
conducted again.  

Step 4: The position of the reference sphere is measured at B=0q and B=90q by the long 
stylus. 

The measurement path at each position is created according to the machine simulator 
program developed by Mr. Shimada. By using a 3D model of the reference sphere created in 
advance, a measurement path of the sphere is designed as shown in Fig. 5.11. The center 
position of the reference sphere is obtained by measuring some discrete points distributed in 
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two perpendicular planes on the reference sphere surface. The touch-trigger probe 
approaches to the sphere surface in the direction normal to it. Therefore, the measurement 
path is designed from a 10 mm point along the normal direction of the measured point to the 
center of the reference sphere. When the contact of the probe sphere with the reference 
sphere is detected, a signal is sent to a CNC to stop the drive and record its position in the 
machine coordinate system. Thus, the coordinate value of the contact point is acquired. Due 
to the influence of geometric deviations, the measured coordinate value is different from the 
expected position. 

 
Figure 5.11 Generation of the measurement path 

 
NC code is programmed based on the designed measurement path. For example, when 

the geometric deviation of C axis is identified, the NC code for measuring the reference 
sphere at the position of B=0q and C=0q is written as shown in Fig. 5.12. 

The position of the contact point on the surface is calculated from the machine position 
and the approaching direction. The coordinate value of the measuring point in Fig. 5.12 is 
output as shown in Fig. 5.13. 
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Figure 5.12 NC code for B=0q and C=0q position 

 

 
Figure 5.13 Coordinate values when measuring at B=0q and C=0q position 
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The center of reference sphere at B=0q and C=0q position can be obtained based on the 
above measured contact points by MATLAB. If there are not any geometric deviations in the 
measured machine tool, the center position of the reference sphere should be same as the 
desired position. In fact, the measured value is different from the ideal value since the 
geometric deviations exist. Therefore, the geometric deviations can be identified by 
analyzing the difference between the measured value and the ideal value. 

5.2.4 Calculation method 

Two rotary B and C axes of the multi-tasking machine tool are separately located on 
the two sides of the bed, and they are not adjacent. Therefore, the geometric deviations 
related to these two rotary axes exist on both sides of the bed respectively. Thus, the 
geometric deviations of B and C axes are defined individually and the coupling effects of 
them are avoided. The calculation method of them is studied separately as follows. 

To identify the four geometric deviations associated with C axis (δxCZ, δyCZ, αCZ, βCZ), 
a reference sphere is located at the position RC=100 mm, which is the distance from the 
centerline of C axis to the center of the reference sphere. During the measurement, B axis is 
fixed at B=0q and C axis rotates by 360q. When C axis is rotated and stops at positions of 
C=0q, C=90q, C=180q, C=270q, the center of reference sphere is measured and calculated as 
descripted in Section 5.2.3 correspondingly. A trajectory in the space is obtained and it is 
projected onto X-Z and Y-Z planes as shown in Figs. 5.14 and 5.15. 

 
Figure 5.14 Influence of βCZ on the center of trajectory in X-Z plane 
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Figure 5.15 Influence of αCZ on the center of trajectory in Y-Z plane 

 
On the workpiece side, the black dotted line represents the ideal position of the 

workpiece without geometric deviations, and the red solid line represents the actual position 
of the workpiece with the influence of geometric deviations. About the projected trajectory, 
the black dotted line represents the ideal trajectory, and the red dotted line represents the 
actual trajectory. Through analysis, the center error of the reference sphere in X direction is 
caused by two geometric deviations (δxCZ and βCZ) and that in Y direction is caused by two 
geometric deviations (δyCZ and αCZ). These four geometric deviations are calculated as 
follows. 

1. If the geometric deviations are zero, the measured trajectory projected onto the X-Z 
plane should be a line as the dotted black line. However, the actual trajectory projected onto 
the X-Z plane is not a line perpendicular to the centerline of C axis. The reason is that the 
geometric deviation βCZ causes the workpiece table tilt as the red solid line shown in Fig. 
5.14 and 5.15. Therefore, the normal vector is calculated firstly through the actual trajectory 
confirmed by the four measured positions. Then, the geometric deviation βCZ is reflected and 
calculated from the angle between the normal vector and the ideal centerline of C axis. 

In Figs. 5.14 and 5.15, points of P1 (X1, Y1, Z1), P2 (X2, Y2, Z2), P3 (X3, Y3, Z3), P4 (X4, 
Y4, Z4) represent the measured centers of reference sphere at positions of C=0q, C=90q, 

C=180q, C=270q, respectively. Thus, the normal vector of the trajectory N⃗⃗  is calculated by 
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Eq. (5.1). 

�⃗⃗� = P1P3⃗⃗⃗⃗ ⃗⃗⃗⃗ × P2P4⃗⃗⃗⃗⃗⃗ ⃗⃗ = |
𝑖 𝑗 𝑘

X3 − X1 Y3 − Y1 Z3 − Z1
X4 − X2 Y4 − Y2 Z4 − Z2

| = (XN, YN, ZN)    (5.1) 

Where,    XN = (Y3 − Y1) × (Z4 − Z2) − (Y4 − Y2) × (Z3 − Z1)        (5.2) 
YN = (Z3 − Z1) × (X4 − X2) − (Z4 − Z2) × (X3 − X1)       (5.3) 
ZN = (X3 − X1) × (Y4 − Y2) − (X4 − X2) × (Y3 − Y1)       (5.4) 

Therefore, in the X-Z plane shown in Fig. 5.14,   𝛽CZ = XN
ZN

             (5.5) 

In the Y-Z plane shown in Fig. 5.15,            𝛼CZ = YN
ZN

             (5.6) 

2. If the measured trajectory is straightened by the identified values of βCZ and αCZ, the 
positional deviations δxCZ and δyCZ are identified by excluding the error caused by the 
angular deviation βCZ and αCZ from the center errors in X and Y directions of the measured 
trajectory, respectively. Figure 5.16 explains the calculation method of these two positional 
deviations.  

  

(a) Influence of δxCZ in X-Z plane (b) Influence of δyCZ in Y-Z plane 
Figure 5.16 Calculation method of two positional deviations (δxCZ and δyCZ) 

 
The values of δxCZ and δyCZ are calculated by Eq. (5.7). The parameter 𝑍C in Eq. (5.7) 

is shown in Figs. 5.14 and 5.15, which is the distance between the center of reference sphere 
and the surface of workpiece table. ∆𝑋center  and ∆𝑌center  are the errors of measured 
trajectory center in the X and Y directions, respectively. 

[
𝛿𝑥CZ
𝛿𝑦CZ
𝑍C

] = [
1 0 0
0 cos(−𝛼CZ) − sin(−𝛼CZ)
0 sin(−𝛼CZ) cos(−𝛼CZ)

] [
cos(−𝛽CZ) 0 sin(−𝛽CZ)

0 1 0
− sin(−𝛽CZ) 0 cos(−𝛽CZ)

] [
∆𝑋center
∆𝑌center

𝑍C

] 

(5.7) 
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Regarding the geometric deviations of B axis, it is difficult to measure them directly 
because the touch-trigger probe is fixed on the B axis with geometric deviations. The 
position of the touch-trigger probe is affected by the geometric deviations of B axis. Thus, 
the origin of the tool coordinate system is changed with the rotation of B axis. Therefore, 
although the position of the reference sphere does not change, the coordinate values of the 
reference sphere measured by the touch-trigger probe are different at the different rotary 
angles of B axis. The main idea to identify the geometric deviations of B axis is to analyze 
the influence factors on the different coordinate values measured at different rotary angles 
of B axis. 

Six geometric deviations are associated with B axis, three of them (𝛿𝑥BT, 𝛿𝑧BT, 𝛼BT) 
exist between B axis and the spindle and the other three (𝛼XB, 𝛽XB, 𝛾XB) exist between B 
axis and X axis. The influence of these six geometric deviations on the center coordinate of 
reference sphere in the machine coordinate system is analyzed in the X-Z, X-Y, and Y-Z 
planes, respectively. They are shown in Figs 5.17, 5.18 and 5.19. 

 
(a) 𝛽XB 
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(b) 𝛿𝑥BT 

 
(c) 𝛿𝑧BT 

Figure 5.17 Influence of geometric deviations on the center coordinate of reference 
sphere in the X-Z plane 
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Figure 5.18 Influence of geometric deviation 𝛾XB on the center coordinate of reference 

sphere in the X-Y plane 

 
Figure 5.19 Influence of geometric deviations on the center coordinate of reference 

sphere in the Y-Z plane 
 
In Figs. 5.17, 5.18 and 5.19, the black solid line represents the ideal position of B axis 

without any geometric deviations. The red dashed line represents the actual position in case 

of B=0q, and the blue dashed line represents the actual position in case of B=90q. The 
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suffixes 1 and 2 for X, Y, and Z correspond to the positions at B=0q and B=90q, respectively. 
𝑅B is the distance of the probe sphere center from the origin of B axis along Z direction. 𝑋T 
is the nominal X position of the reference sphere in the machine coordinate system. 

In X-Z plane, as shown in Fig. 5.17, there are three geometric deviations (δxBT, δzBT 
and βXB) which affect the center error of the reference sphere as follows. 

1. As is illustrated in Fig. 5.17(a), when only βXB exists and all the other geometric 
deviations are zero, the measured positional error ∆X1 at B=0q can be expressed as ∆X1 =
𝑅B × 𝛽XB . In case of B=90q, it becomes ∆Z2 = −𝑅B × 𝛽XB . Therefore, the influence of 
angular deviation 𝛽XB on the center error of the reference sphere can be expressed by Eq. 
(5.8).  

∆X1 − ∆Z2 = 2𝑅B × 𝛽XB                            (5.8) 
2. As is illustrated in Fig. 5.17(b), when only δxBT exists and all the other geometric 

deviations are zero, the geometric deviation δxBT causes a center error in X direction in case 

of B=0q while it causes a center error in Z direction in case of B=90q. Thus, the measured 
center error of the reference sphere can be expressed by Eq. (5.9).  

               ∆X1 − ∆Z2 = 2𝛿𝑥BT                               (5.9) 
As a result,  

∆X1 − ∆Z2 = 2𝑅B × 𝛽XB + 2𝛿𝑥BT                   (5.10) 
There are two unknown values, δxBT and βXB, in Eq. (5.10). Two unknown values are 

not calculated by only one equation. Therefore, according to the measuring procedure 
described in Section 5.2.3, steps 3 and 4 of B axis measurement are conducted by changing 
the tool length from 𝑅B to 𝑅B

′  and another relationship is obtained as Eq. (5.11). 
∆X1

′ − ∆Z2
′ = 2𝑅B

′ × 𝛽XB + 2𝛿𝑥BT                   (5.11) 
Combining with Eq. (5.10), two geometric deviations are calculated by the following 

Eqs. (5.12) and (5.13). 

𝛽XB = (∆X1
′ −∆Z2

′ )−(∆X1−∆Z2)
2(𝑅B

′ −𝑅B)
                          (5.12) 

𝛿𝑥BT = 𝑅B
′ (∆X1−∆Z2)−𝑅B(∆X1

′ −∆Z2
′ )

2(𝑅B
′ −𝑅B)

                     (5.13) 

3. As is illustrated in Fig. 5.17(c), when only δzBT exists and all the other geometric 
deviations are zero, the geometric deviation δzBT causes a center error in Z direction in case 

of B=0q while it causes a center error in X direction in case of B=90q. Thus, the measured 
center error of the reference sphere can be expressed by Eq. (5.14).  

               ∆Z1 + ∆X2 = 2𝛿𝑧BT                              (5.14) 
Therefore, 

𝛿𝑧BT = ∆Z1+∆X2
2

                                  (5.15) 

In X-Y plane, as shown in Fig. 5.18, one geometric deviation (𝛾XB) affects the center 
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error of the reference sphere in X direction as follows. It can be expressed by Eq. (5.16). 
∆X2 − ∆X1 = 𝑋T × 𝛾XB                            (5.16) 

Therefore, 

𝛾XB = ∆X2−∆X1
𝑋T

                                   (5.17) 

In Y-Z plane, as shown in Fig. 5.19, two geometric deviations (𝛼XB and 𝛼BT) affect the 
center error of the reference sphere in Y direction. Since the spindle axis is not controlled 
for angular positioning, the angular deviation 𝛼BT  related to the milling spindle is not 
reflected in the actual position of the touch-trigger probe sphere. Therefore, the influence of 
𝛼BT on the center error of the reference sphere can’t be measured. In this case, the center 
error of the reference sphere in Y direction is caused by 𝛼XB and it can be expressed by Eq. 
(5.18). 

∆Y1 − ∆Y2 = 𝑅B × 𝛼XB                            (5.18) 
Therefore,  

𝛼XB = ∆Y1−∆Y2
𝑅B

                                   (5.19) 

5.3 Identified results and discussion 

5.3.1 Experimental results 

The above measuring procedure and calculation method using a touch-trigger probe is 
applied to a multi-tasking machine tool, INTEGREX i-200, whose parameters are described 
in Section 4.3.1. To identify the geometric deviations of C axis, the distance between the 
center line of C axis and the center of the reference sphere is set as 𝑅C = 100 𝑚𝑚. The 
distance from the workpiece table surface to the center of the reference sphere is 𝑍C =
64.838 𝑚𝑚.  

During B axis measurement, two styli are used to change the tool length, the theoretical 
length of the short one is 50 mm and the other long one is 100 mm. Thus, the tool length is 
𝑅B = 382.950 𝑚𝑚  and 𝑅B

′ = 433.062 𝑚𝑚 . Feed speed is set to 100 mm/min in the 
circular motion. 

The measurement path, shown in Fig. 5.11, is used to measure the actual positions of 

reference sphere when C axis rotates to 0q, 90q, 180q, and 270q positions. The actual 
positions of reference sphere are also measured by using two different length styluses of the 

touch-trigger probe when B axis rotates to 0q and 90q positions. The actual center coordinates 
of the reference sphere at different positions are calculated from the previously measured 
points by a MATLAB program. They are summarized in Table 5.2. In order to reduce the 
measuring error, the average value is used to identify the geometric deviations in the 
following section. 
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Table 5.2 Actual center coordinates of the reference sphere 

 Center coordinate 
of reference sphere 
(Rotation angle) 

1st (mm) 2nd (mm) Average 
(mm) 

Measurements 
for C axis 

X1 (0q) -389.9998 -390.0007 -390.00025 

Y1 (0q) 0.0006 0.0009 0.00075 

Z1 (0q) -471.9977 -471.9973 -471.9975 

X2 (90q) -489.7417 -489.7417 -489.7417 

Y2 (90q) 99.7007 99.7011 99.7009 

Z2 (90q) -472.0087 -472.0088 -472.00875 

X3 (180q) -589.4389 -589.4389 -589.4389 

Y3 (180q) -0.0392 -0.0388 -0.039 

Z3 (180q) -472.0268 -472.0271 -472.02695 

X4 (270q) -489.7001 -489.7001 -489.7001 

Y4 (270q) -99.738 -99.738 -99.738 

Z4 (270q) -472.013 -472.013 -472.013 

Measurements 
for B axis at 𝑅B 

X1 (0q) -490 -490.0106 -490.0053 

Y1 (0q) 0 -0.0008 -0.0004 

Z1 (0q) -471.9958 -471.992 -471.9939 

X2 (90q) -493.2167 -493.2266 -493.2217 

Y2 (90q) 0.0343 0.0344 0.03435 

Z2 (90q) -468.8545 -468.8513 -468.8529 

Measurements 
for B axis at 𝑅B

′   

X1
′  (0q) -490.0001 -489.9983 -489.9992 

Y1
′  (0q) 0.0003 0.0014 0.00085 

Z1
′  (0q) -471.9935 -471.9924 -471.993 

X2
′  (90q) -493.2248 -493.2213 -493.2231 

Y2
′  (90q) 0.0466 0.0483 0.04745 

Z2
′  (90q) -468.8452 -468.8432 -468.8442 

5.3.2 Identified geometric deviations 

Two angular deviations of C axis (αCZ, βCZ) are calculated by substituting the average 
values of the center coordinate of the reference sphere into Eqs. (5.5) - (5.6). Then, two 
positional deviations of C axis (δxCZ, δyCZ) are calculated by substituting the errors of 
measured trajectory center (∆𝑋center , ∆𝑌center ) into Eq. (5.7). The identified results are 
shown in Table 5.3. 

To identify the geometric deviations of B axis, the errors of the reference sphere center 
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positions at every measuring condition are calculated firstly. Then, by substituting the errors 
into Eqs. (5.12), (5.13), (5.15), (5.17), and (5.19), results of the geometric deviations are 
identified in Table 5.3. Viewing from Eqs. (5.10) and (5.16), three geometric deviations (𝛽XB, 
𝛿𝑥BT, and 𝛾XB) affect the error ∆X1 in the X direction. But the influence of 𝛾XB on the 
error is constant for two measuring conditions of 𝑅B and 𝑅B

′ . Therefore, it can be excluded 
by subtracting between ∆X1

′   and ∆X1  during the calculation of 𝛽XB  and 𝛿𝑥BT . To 
simplify the solution, 𝛽XB and 𝛿𝑥BT is firstly calculated before 𝛾XB. 

 
Table 5.3 Identified geometric deviations of rotary axes 

Geometric deviation Identified value Geometric deviation Identified value 

δxCZ(μm) 80.64 βXB(arcsecond) -19.04 

δyCZ(μm) -36.68 γXB(arcsecond) 5.46 

αCZ(arcsecond) -3.7 δxBT(μm) -1335 

βCZ(arcsecond) -26.28 δzBT(μm) -1804 

αXB(arcsecond) -20.76 αBT(arcsecond) Not be identified 

 
From the results in Table 5.3, it can be said that δxBT and δzBT are not identified correctly. 

Figure 5.20 explains the reason. Under the simultaneous three axis motions, the measured 
point that the spindle actually moves to is located at the head of spindle nose. Then, the 
previously measured tool length is accumulated to the actual position of the spindle nose to 
calculate the central coordinate value of the touch-trigger probe sphere. Thus, the result of 
δzBT is affected by the measuring error of the tool length. And the value of δxBT is not 
reflected correctly in the coordinate value of the touch-trigger probe sphere because the 
origin of B axis is difficult to be determined in the experiment. 

In addition, as shown in Fig. 5.21, the value of αBT is not reflected in the actual position 
of the touch-trigger probe sphere because the spindle is not controlled for angular positioning. 
Therefore, the geometric deviations related to the milling spindle are not identified through 
the proposed measuring procedure. 

 
Figure 5.20 Explanation of the incorrect identifications of δxBT and δzBT 
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Figure 5.21 Explanation of the impossible identification of αBT 

 
From the identified results, it is also to be noted that angular geometric deviations have 

the smaller contribution to the total deviations in contrast to the positional geometric 
deviations. Therefore, a sufficiently small relative positional error between the workpiece 
and the spindle can obviously decreases the machining error caused by the geometric 
deviations inherent to the multi-tasking machine tool. 

5.3.3 Comparison with the identified values of ball bar 

The values of geometric deviations identified by a touch-trigger probe and those 
identified by a ball bar in Chapter 4 are summarized, as shown in Table 5.4.  

It is noted that there is great difference about the values of positional deviations from 
using these two measuring instruments. With regard to the ball bar measurement, since the 
relative displacement of the spindle side ball and the workpiece side ball is measured, (δxCZ 
-δxBT) is considered as one unknown parameter. The value of (δxCZ -δxBT) can be calculated 
although the values of δxCZ and δxBT can’t be identified respectively. However, as to the 
touch-trigger probe measurement, δxCZ is identified in case of C axis rotation, which is 
irrelevant to B axis. But δxBT is not identified correctly because it is not reflected correctly 
in the coordinate value of the touch-trigger probe sphere during the experiment. Therefore, 
it is meaningless to compare the identified values of δxCZ and (δxCZ -δxBT). 

Regarding the positional geometric deviation δyCZ, it is found that the difference 
obtained from these two measuring instruments is about 10 micrometers. The reason is that 
dynamics error has included in the identified value of the continuous measurement by ball 
bar. Therefore, the identified value measured by ball bar is larger than that from the touch-
trigger probe. 

In addition, with regard to the positional deviation δzBT, it is not identified correctly by 
both of these two measuring instruments because it is strongly affected by the measuring 
error of the tool length.  
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Table 5.4 Comparison between identified values of geometric deviations using a touch-
trigger probe and using a ball bar 

Geometric deviation By a touch-trigger probe By a ball bar 

δxCZ(μm) 80.64 (δxCZ -δxBT): 53.13 
δyCZ(μm) -36.68 -45.63 

αCZ(arcsecond) -3.7 1.10 

βCZ(arcsecond) -26.28 -25.16 

αXB(arcsecond) -20.76 -20.89 

βXB(arcsecond) -19.04 -24.11 

γXB(arcsecond) 5.46 5.63 

δxBT(μm) -1335 (Not be identified) (δxCZ -δxBT): 53.13 

δzBT(μm) -1804 (Not be identified) Not be identified 

αBT(arcsecond) Not be identified 9.63 (Not be compensated) 

 
As to the angular deviations obtained from these two measuring instruments, identified 

values are almost the same exclude the geometric deviation αBT. αBT can be identified with 
the ball bar measurement according to the simulation results. However, it is not compensated 
by the compensation method descripted in Chapter 3 because the milling spindle is not 
controlled for angular positioning. As to the touch-trigger probe measurement, αBT can’t be 
identified since it can’t be reflected in the actual position of the touch-trigger probe sphere. 
Therefore, the remaining six geometric deviations except for δxCZ, δxBT, δzBT, and αBT are 
compared in the following Fig. 5.22. 

 

 
Figure 5.22 Comparison of the identified values by two measuring instruments 
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From Fig. 5.22, it can be found that the difference of the identified values for angular 
deviations from two measuring instruments is not over 5.1 arcseconds. It is due to the thermal 
deformation error of the machine tool or the measuring error of the operator. It is concluded 
that the angular geometric deviations related to the rotary B and C axes for a multi-tasking 
machine tool can be correctly identified either by the ball bar or by the touch-trigger probe. 
The identification and compensation methods by a ball bar described in Chapter 4 are 
effective to identify the angular geometric deviations related to the rotary B and C axes 
except for the geometric deviations of milling spindle. 
 

5.4 Conclusion 

In this chapter, a touch-trigger probe is used to identify the geometric deviations related 
to two rotary axes of a multi-tasking machine tool. A measuring procedure is devised, and 
the calculation method is derived based on the character of the respective rotations of B and 
C axes. The proposed measuring procedure and calculation method are conducted in 
INTEGREX i-200. The identified values of geometric deviations are compared and analyzed 
with the results identified by a ball bar described in Chapter 4. Conclusions are summarized 
as follows. 

1. A simple measuring procedure by a touch-trigger probe for identifying the 
geometric deviations is designed according to the analysis of the influence of the 
geometric deviations on the measurements for the respective rotations of B and C 
axes.  

2. The geometric deviations of INTEGREX i-200 are identified by the proposed 
measuring procedure. From the identified results, it is found that the geometric 
deviations related to the milling spindle (𝛼BT, 𝛿𝑥BT, and 𝛿𝑧BT) are not identified 
correctly. The number of geometric deviations identified by a touch-trigger probe 
is limited and fewer than that identified by a ball bar. 

3. Compared with the identified values from the ball bar measurement, the difference 
of the angular deviations is not over 5.5 arcseconds except for αBT. Therefore, the 
angular geometric deviations related to the rotary B and C axes of a multi-tasking 
machine tool can be correctly identified by using the identification method of ball 
bar described in Chapter 4. 

4. It is verified that measuring procedure by ball bar of Chapter 4 is effective to 
identify the geometric deviations of multi-tasking machine tool. 
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Chapter 6  Conclusions 

6.1 Achieved results in this study 

With the rapid evolution of industrialization and automation, multi-tasking machine 
tools have been extensively utilized in machining components with complex geometric 
structures and sculptured surfaces, such as an impeller, a turbine blade, etc. The main 
advantage of the multi-tasking machine tool is to gather around almost all of the 
manufacturing processes in it to reduce human, material resources, and the number of 
independent machines for each manufacturing process and improve the production efficiency. 
To perform multiple processing such as turning, drilling, thread cutting, and pendulum, the 
multi-tasking machine tool is equipped with a rotary spindle based on a lathe to allow the 
spindle to tilt relative to the workpiece at various angles. However, with the increase of the 
rotary degrees of freedom, the increased mechanical structure may cause additional errors to 
the machine tool. Therefore, calibration of the rotary axes is needed to improve the accuracy 
of the multi-tasking machine tool.  

The geometric deviation is the major error source that accounts for most of the errors 
of multi-tasking machine tools. A measuring procedure and an evaluation method to identify 
and compensate the geometric deviation has not been clarified especially for the geometric 
deviations related to the rotary axis. Therefore, this study aims to find an effective 
identification and compensation method for the geometric deviations related to the rotary 
axis to improve positioning accuracy of tool center point. Based on the identification method 
for the geometric deviations of a five-axis machining center researched by Mr. Tone et al., 
the identification and compensation methods for the geometric deviations inherent to a 
multi-tasking machine tool are proposed. And their effectiveness is verified on a common 
multi-tasking machine tool measured by a ball bar. 

The results of this study are summarized as follows. 
 
In Chapter 2, to identify the geometric deviations which exist in a multi-tasking 

machine tool, the trajectories of simultaneous three-axis motions are investigated. The 
mathematical model is established, and the simulation is conducted both in the cylindrical 
coordinate system and in the Cartesian coordinate system, respectively. Conclusions are 
summarized as follows. 

1. According to the structural configuration of a multi-tasking machine tool with a 
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swivel spindle head in a horizontal position, the geometric deviations which will cause the 
position error of tool center point are clarified. 

2. The simulation both in the cylindrical coordinate system and in the Cartesian 
coordinate system is conducted based on the established mathematical model to the targeted 
machine tool. 

3. From the simulation results, it is confirmed that in order to eliminate the influence 
of the mounting errors of the W-side ball on the eccentricities of the circular trajectories, 
measurements for the B axis should be performed in Cartesian coordinate system and those 
for the C axis should be performed in cylindrical coordinate system. It is the first time to 
measure the geometric deviations related to a swivel spindle in Cartesian coordinate system. 

4. Through the relationship between the geometric deviations and the eccentricities of 
the measured trajectories, it is found that the circular trajectories of the B axis X direction, 
B axis Y direction, C axis radial direction and C axis axial direction are adequate to identify 
the geometric deviations by designing an appropriate measuring procedure. 

 
In Chapter 3, to compensate the geometric deviations which exist in a multi-tasking 

machine tool, the current algorithms and compensation methods for five-axis machining 
centers are investigated firstly. Then, a simple compensation method without any iteration is 
established based on the idea of screw method. Conclusions are summarized as follows. 

1. Based on the analysis of the compensation methods for five-axis machining centers, 
the idea of screw method is used to model kinematics of the targeted multi-tasking machine 
tool. 

2. The forward and inverse kinematics are analyzed in detail for the targeted machine 
tool. According to the topological structure, the formulae for the compensation are derived 
and they can be used to modify the NC code for compensating the influence of the geometric 
deviations on the position of tool center point. 

 
In Chapter 4, a measuring procedure for identifying geometric deviations is investigated. 

The B axis measurements in the Cartesian coordinate system and the C axis measurements 
in the cylindrical coordinate system are conducted in a multi-tasking machine tool by a ball 
bar. An experiment modifying the NC code is also conducted to compensate the influence of 
the geometric deviations on TCP. Conclusions are summarized as follows. 

1. A measuring procedure by a ball bar for identifying the geometric deviations is 
designed according to the analysis of the influence factors for each trajectory. Four 
measuring patterns are conducted to identify eight geometric deviations which are inherent 
to a multi-tasking machine tool. 

2. The trajectories after the compensation by modifying the NC code are also 
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measured and compared with those before the compensation. 
3. From the experimental results, the geometric deviations about two rotary axes (B 

and C axes) could be compensated effectively. However, the geometric deviations of the 
spindle (𝛼BT, 𝛿𝑥BT, and 𝛿𝑧BT) could not be compensated by this method. 

4. After modifying the NC code, the corresponding values of angular geometric 
deviations are not over 2.2 arcseconds except for 𝛼BT and positional geometric deviations 
are not over 2.4 micrometers. Therefore, it is confirmed that the position error of TCP is 
reduced significantly after the compensation. 

 
In Chapter 5, a touch-trigger probe is used to identify the geometric deviations related 

to two rotary axes of a multi-tasking machine tool. A measuring procedure is devised, and 
the calculation method is derived based on the character of the respective rotations of B and 
C axes. The proposed measuring procedure and calculation method are conducted in 
INTEGREX i-200. The identified values of geometric deviations are compared and analyzed 
with the results identified by a ball bar described in Chapter 4. Conclusions are summarized 
as follows. 

1. A simple measuring procedure by a touch-trigger probe for identifying the 
geometric deviations is designed according to the analysis of the influence of the geometric 
deviations on the measurements for the respective rotations of B and C axes.  

2. The geometric deviations of INTEGREX i-200 are identified by the proposed 
measuring procedure. From the identified results, it is found that the geometric deviations 
related to the spindle (𝛼BT, 𝛿𝑥BT, and 𝛿𝑧BT) are not identified correctly. The number of 
geometric deviations identified by a touch-trigger probe is limited and fewer than that 
identified by a ball bar. 

3. Compared with the identified values from the ball bar measurement, the difference 
of the angular deviations is not over 5.5 arcseconds except for αBT. Therefore, the angular 
geometric deviations related to the rotary B and C axes of a multi-tasking machine tool can 
be correctly identified by using the identification method of ball bar described in Chapter 4. 

4. It is verified that measuring procedure by ball bar of Chapter 4 is effective to 
identify the geometric deviations of multi-tasking machine tool. 

6.2 Future prospects 

Even though this research makes some original contributions to identify and 
compensate the geometric deviations of rotary axis in the multi-tasking machine tool and to 
significantly reduce the position error of tool center point, there are still several problems 
need to be solved. 

1. Application of the identified values in the industry. 
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A machining test can be designed to compensate the identified inherent geometric 
deviations to evaluate the positioning accuracy by comparing the machined results before 
and after compensation. It is worth to be researched in the future to apply the identified 
values in the industry. 

2. Verification by comparing with other methods 
The patent of Okuma has provided a method by a touch-trigger probe to identify the 

geometric deviations of a multi-tasking machine tool. The proposed method in this thesis 
can be compared with the patent method by identifying the same machine tool to verify the 
identified results. 

3. Identification and compensation methods for the geometric deviations related to 
spindle. 

In Chapter 4, it is found that the geometric deviations of the spindle (𝛼BT, 𝛿𝑥BT, and 
𝛿𝑧BT) could not be identified and compensated by analyzing the eccentricity of the trajectory 
measured by ball bar. The reason is considered that the positional deviations (𝛿𝑥BT  and 
𝛿𝑧BT) are greatly affected by the error of the tool length and the setting error of the ball bar. 
The angular deviation 𝛼BT can not be compensated by modifying NC code because the 
spindle axis is not controlled for angular positioning. Therefore, to realize high precision 
positioning of the tool center point, it is necessary to make clear the identification and 
compensation methods for the geometric deviations related to spindle in the future. 

4. Verification of identification and compensation methods of ball bar by a multi-
tasking machine tool with a swivel spindle head in a vertical position. 

In this study, the identification and compensation methods of ball bar are only used in 
INTEGREX i-200, a multi-tasking machine tool with a swivel spindle head in a horizontal 
position. Another type of multi-tasking machine tool with a swivel spindle head in a vertical 
position is more common in the manufacturing and industry. Therefore, it is necessary to 
verify the identification and compensation methods of ball bar on a multi-tasking machine 
tool with a swivel spindle head in a vertical position to verify the effectiveness of these 
methods and expand the scope of application.  
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