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Summary

This dissertation provides the operator-based robust nonlinear control

design schemes for uncertain wireless power transfer (WPT) systems which

is driven by the duty cycle of the switch. The aim of this dissertation is

to guarantee the robust stability of the uncertain WPT control systems.

Besides, the desired output tracking performance and the high efficiency of

the WPT system can be obtained.

Nowadays, there are many challenges such as weight, cost, and inconve-

nience existing for batteries. WPT systems could be used to continuously

charge a electronic device and power the batteries without wires between the

transmit side and the receive side, so the researches on designing reliable

and effective control to achieve desired output tracking and high efficiency

of WPT systems have drawn much attention in recent years. However, the

challenging issue still exists, because that the control design system should

get the desired performance with consideration of the uncertainties and non-

linearities. To deal with the uncertainties and nonlinearities, operator theory

was adopted to the WPT system with uncertainties because of its effective-

ness in robust stability of nonlinear systems.

First, the mathematical modeling for WPT systems using the DC-DC

circuit is derived. After that, based on operator theory, a proposed robust

nonlinear control method is given to tackle the uncertain mutual inductance

using sliding mode control method, the uncertain term is resulted from the

inaccurate distance between the resonant coils in the nonlinear WPT sys-

tem. There are two advantages. First, to deal with the uncertain mutual

inductance, operator-based right coprime factorization approach is adopted

to guarantee the robust stability of the feedback nonlinear system. Besides,

sliding mode control (SMC) method was used to obtain the tracking perfor-

mance in the control system. Moreover, simulations and experiments of the
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WPT system are conducted using the proposed control design scheme. The

results confirm the effectiveness of the proposed control design scheme.

Second, due to the inherent shortage of traditional SMC technology, the

chattering phenomenon existed by using the above operator-based control

design scheme. To tackle with the chattering problem, a new operator-based

nonlinear robust control design scheme for WPT systems with uncertainties

is proposed, where, from different viewpoint, the considered nonlinear system

is of Input-Output presentation. The robust stability can be guaranteed by

using operator-based robust right coprime factorization approach. Moreover,

the tracking performance is improved by using the proposed control design

scheme. Simulations and experiments are tested to confirm the effectiveness

of this proposed method.

Third, an operator-based optimal equivalent load tracking control scheme

is proposed for WPT systems with uncertainties. In the control design sys-

tems, the robust stability of the feedback nonlinear control system is guar-

anteed by using robust right coprime factorization approach. Especially, the

impedance matching of the WPT system can be obtained without the acqui-

sition of the AC signal, thus high efficiency can be obtained and the com-

plexity of the setup can be alleviated. Moreover, the desired output voltage

can be obtained in the WPT system. Simulations are tested to confirm the

effectiveness of this proposed method.

In summary, the dissertation proposes three kinds of operator-based ro-

bust nonlinear control design schemes for WPT systems. The first control

scheme is focus on ensuring the robust stability of the uncertain WPT sys-

tems, the second control method is to improve the tracking performance of

the uncertain WPT systems on chattering problem, and the third control

scheme aims to obtain desired output voltage and optimal equivalent load,

thus desired power and high efficiency using operator-based robust nonlinear

control design scheme at the same time. The formal two kinds of control
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design schemes are validated by both simulations and experiments, the third

control system is confirmed by simulations, the results are shown to confirm

that the proposed control design schemes are effectiveness.
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Chapter 1

Introduction

1.1 Background

Nowadays, as one of the most promising power sources, batteries are facing

some challenges, such as weight, cost, limited energy, reliability [1]. Wireless

power transfer system (WPT) could not only be used to charge without wires,

but also provide a new way in management of power [2]. There are three

main types of WPT techniques according to the transfer distance: far-field,

near-field, and mid-range.

Electromagnetic radiation could used deliver power to large volumes of

space in far-field WPT system [3–5]. However, the tradeoff between trans-

fer efficiency and directionality should be dealt with. For example, radio-

frequency broadcast approach could transfer power anywhere in a specified

area when the omnidirectional pattern is selected in transmit side. The mo-

bility is obtained in this situation [6]. However, the efficiency would be low

due to the decreasing of the power density. On the other hand, antennas

could be used to transfer power as long as several kilometers with efficiency

which is more than 90% only when the line-of-sight connection should be

accurately determined [7], but the need for alignment equipment and sophis-

ticated tracking in complex environments is suffered.

1
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Inductive power transfer could be used to transfer power in near-field

PWT system [8–11]. The architecture is generally used with two coils, and

the basic structures have series (S)- S, S -parallel (P), P-S, P-P. To enhance

power transfer, the coil in receive side should be selected at the operating fre-

quency. Besides, the parasitic capacitor of transmitter need to be selected to

compensate the transmit inductor and the reflected inductor, thus the imag-

inary power in some structures could be eliminated. Moreover, the frequency

used in the WPT system is generally in KHz range, and ferromagnetic ma-

terials are always adopted to improve the coupling, then the power transfer

could be enhanced [12]. The quality factors in the mode are usually used

under 10, so the transfer efficiency decrease precipitously when the transfer

distance is increased. The effective transfer distance is normally within 20

cm [13,14].

As a novel mode, strongly coupled magnetic resonance (SCMR) tech-

nology serves a power transfer way in mid-range WPT applications [15–18].

There are many meaningful results about SCMR, they includes the analy-

ses principle, transfer characteristics, interference and practical applications.

The SCMR are always analysed by using either coupled mode theory or

circuit theory [19–22], circuit theory is more suitable on analysing the tran-

sient state sometimes than coupled mode theory, so circuit theory is popular.

Compared with inductive power transfer method, diverse system structures

are used in SCMR to realize impedance matching so that high efficiency

could be obtained [23–26]. The operating frequency is always in MHz range

due to the existence of parasitic capacitors, as a result, the quality factor is

high compared with the inductive power transfer. When distance between

the coils are increased, the sharp decrease of the transfer efficiency could be

alleviated due to the high quality factors. Thus the high efficiency can be

obtained in meter range. Because SCMR mode has the advantages, such as

the mid-range power transfer, convienience and high efficiency. It is widely



1.2. CURRENT DEVELOPMENT 3

used in various areas including charging to the implanted micro-system in the

organism in medical implantation applications, to robots and personal digi-

tal equipment in industrial and consumer applications, and to conveniently

transfer power without wire so that the dangerous could be avoided in trans-

portation applications [27–30]. Impedance matching and stability are two

main indexes in WPT systems, impedance matching could be used to obtain

the high efficiency of the WPT system [31–34, 49], and the stability of the

output voltage should be considered at the same time. In order to obtain

impedance matching and guarantee the stability of the uncertain WPT sys-

tem, one closed-loop control design system is necessary to be designed so that

good performance could be achieved, it is an open and challenging problem

in WPT systems.

1.2 Current development of wireless power

transfer control

For the close-loop control design schemes of WPT systems, there are two

main approach to regular the output power and the efficiency of the nonlinear

WPT systems. One way is to frequency splitting method, and the other one is

impedance matching method. In frequency splitting control system [35–37],

the working areas are classified into three areas: over-coupled area, critically-

coupled point, and under-coupled areas. By using this method, the high

power transfer could be realized twice in over-coupled area by tuning the

operating frequency, and critically-coupled point could help realize the high

power transfer only once. However, in under-coupled area, both the transfer

power and the transfer efficiency would decrease no matter how larger or

small the operation frequency is, because the mutual inductance is small. So

it is only available in an over-coupled area. As WPT system is difficult to be

limited in over-coupled area, it could not be suitable for all the WPT system.
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As the other main approach, impedance matching method is very popu-

lar in WPT control systems [38–42]. Impedance matching is the approach

of designing the input impedance of a special electronic component to real-

ize the maximization of power transfer and minimization of signal reflection.

Impedance matching could be realized by various methods: resonance fre-

quency of resonance components tuning method, adjusted of relative distance

or angles between adjacent coils, anti-parallel resonant structure method,

DC-DC method, and so on. By tuning the resonance frequency of resonance

components, the impedance matching can be obtained, thus the high effi-

ciency of the WPT system can be achieved. But the experiments has many

resonance components with different values to connect or cut off at each time,

but the implement of such experiments is difficult and the accuracy could not

be guaranteed. An adjusted of relative distance and angles between transmit

and receive coil was proposed. But it is difficult to realized in applications,

because the complicated control system and the accurate actuators are nec-

essary. An anti-parallel resonance structure with forward and reverse drive

coils, which could alleviate the mutual inductance when the distance between

coils is changed. However, the transfer efficiency and power is not considered.

And the DC-DC converter could be adopted to realize impedance matching

with the adjustable duty cycle. In the above methods mentioned, it is the

most promising method by adopting a DC-DC circuit, because not only re-

alize impedance matching can be realized, but also the power management

can be obtained [43, 44]. Moreover, DC-DC method is advantageous due

to the large distance separation, simple setup and the capibility to control

the parameters using a continuous method [45, 46]. So a closed-loop control

design scheme is adopted to realize the management of transfer power and

efficiency by using DC-DC circuits in this dissertation.

There are different closed-loop feedback control design schemes in WPT

systems with DC-DC converters, such as proportional-integral-derivative (PID)
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control scheme, hysteresis method, perturbation and observation control

scheme, and sliding mode control (SMC) scheme [47–49]. The PID con-

trol scheme was proposed in a WPT system to realize power management.

However, it costs a long time to obtain the desired performance because of

the inherent shortage about the PID controller. Hysteresis method is used in

a WPT system with a boost circuit to realize the desired transfer power, but

the stability of the WPT system was not considered with the switch’s infi-

nite frequency in practice. Proportional-and-observations method is widely

used in WPT system with buck circuit, boost circuit, and buck-boost cir-

cuit, the maximum efficiency and desired power could be obtain at the same

time. However, the time to search is long and the settling transien period

is needed. Also, SMC scheme is a promising way adopted in WPT system

with DC-DC circuits because of the fast dynamic response and simple imple-

mentation. But the accurate distance between coils are difficult to achieved

in the WPT experiments. Besides, the mutual inductance is very sensitive

to the inaccurate distance. What’s worse, the output load is inconstant dur-

ing charging. So there exist uncertain terms in the WPT system. So the

robust stability can not be obtained. Moreover, not only the output voltage

could be regulated to the desired value, but also the impedance matching

should be achieve at the same time. So one more control in transmit side

was adopted in the WPT system to obtain both the desired output voltage

and impedance matching. However, the high AC (alternating current) fre-

quency signal should be dealt with, thus the complexity of the control system

would increase. So it is difficult to design a stable and robust controller for

the nonlinear uncertain WPT system using traditional methods.

For nonlinear systems, operator theory is an effective method to guaran-

tee their bounded input bounded output stable using robust right coprime

factorization approach [50–53]. Then the tracking of output considering the

disturbance in the nonlienar system was developed, so the operator-based
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nonlinear control approach becomes more effective and comprehensive with

such extensions. Because it is usefulness in robust stability, the operator-

based right coprime factorization could be adopted in many practical appli-

cations, such as a multitank process, a miniature pneumatic curling rubber

actuator and a L-shaped arm.

1.3 Motivation

The WPT systems with DC-DC circuit, which driven by the duty cycle of

switch, are conducted in this dissertation. Noted that the WPT system

is a digital system which is implemented under the sampling and control

pattern [54,55]. In the WPT systems, the uncertain terms about the distance

between coils (mutual inductance) and variation of output load should be

dealt with. It is necessary to propose suitable closed-loop control schemes to

realize the power management of the WPT system.

First, motivated by operator theory for uncertain nonlinear systems, rare

research on WPT system are conducted considering the uncertain term re-

sulting from the uncertain distance between coils. Besides, SMC scheme

serves a promising way to realize the tracking performance, it is advantageous

due to the fast dynamic response and simple implement in setup [56–60]. The

main challenging is to adopt SMC scheme and operator theory in the uncer-

tain nonlinear control systems, so both the tracking performance of output

voltage and robust stability could be guaranteed for the uncertain WPT

systems.

Then the chattering phenomenon exists because of the inherent short-

age of traditional SMC technology in our fist step [70, 71, 77]. Motivated

by the elimination method of chattering phenomenon existing in traditional

SMC technology, the tracking performance could be improved by eliminating

the chattering phenomenon. It is difficult to tackle the uncertain term and
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improve the tracking performance of output voltage at the same time.

Moreover, only the tracking performance of output voltage is obtained

for the robust WPT control system by using the above two proposed control

schemes, the impedance matching may be destroyed when the output load is

varied. Besides, high frequency AC (alternating current) signal increase the

complexity of the setup [61]. Motivated by the power management of both

transfer power and efficiency [62, 63], not only the tracking performance of

output voltage should be obtained, but also the impedance matching need to

be realized when the output load varies, and the acquisition of high frequency

AC signal should be eliminated. Furthermore, the uncertain term of the

WPT systems need to be dealt with.

To sum up, this dissertation adopted the operator-based robust nonlin-

ear control scheme, sliding mode control, and impedance matching in control

design for uncertain WPT systems, and confirm their effectiveness in sim-

ulations and/or experiments. The research is aim to realize desired output

voltage, maximize the efficiency, and robustness of the uncertain WPT sys-

tem.

1.4 Contributions

This dissertation proposes the operator-based robust nonlinear control schemes

for uncertain WPT systems. There are three main contributions which are

shown as follows.

First, to tackle the uncertain mutual inductance, which is caused by the

inaccurate distance between the transmitter and receiver in WPT systems,

the operator-based robust nonlinear control design scheme is proposed by

using sliding mode control method. By using the proposed control design

scheme, the robust stability of the WPT system with the uncertain term

could be guaranteed. Besides, we could also obtain the desired tracking
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performance by using sliding mode control method. The simulations and

experiments show the effectiveness of the proposed control scheme [64,65].

Second, to solve the chattering probem in the above proposed control

design system, one new robust nonlinear control scheme is proposed to elim-

inate the chattering problem for WPT systems with uncertaint terms. By

using the new robust nonlinear control scheme, the robust stability can be

guaranteed by using operator-based robust right coprime factorization ap-

proach. Besides, the tracking performance is improved. Simulations and

experiments are presented to show the avaliable of this proposed control de-

sign system [66].

Third, an optimal equivalent load tracking control scheme based on oper-

ator theory is proposed for WPT systems with the uncertain term. By using

the robust nonlinear control scheme, the robust stability of the feedback non-

linear control system is obtained by using robust right coprime factorization

approach. Besides, the impedance matching could be obtained for the cou-

pling system, and the acquisition of the AC signal can be eliminated, thus

high efficiency could be got and complexity of the setup can be eliminated.

At the same time, the desired output voltage could be tracked in the WPT

system. Simulations are tested to confirm that the the proposed control

design scheme is effectiveness [67–69].

1.5 Organization

The organization of the rest dissertation can be summarized as follows:

In Chapter 2, the basic definitions and key theories are provided for math-

ematical modeling of the WPT system and control design scheme in the dis-

sertation. Circuit theory is employed to model the power management of the

WPT system. Then some basic definition and notations for operator theory

are presented. Moreover, the method to realize impedance matching for the
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WPT system is given by tuning the duty cycle of DC-DC circuit. After that,

the problem statement is given.

In Chapter 3, the mathematical modeling of WPT system with buck cir-

cuit is derived. According to the modeling, by using sliding mode technology,

an operator-based robust nonlinear control scheme is proposed. There are

two aims: one aim is to deal with the uncertain term caused by the inaccu-

rate distance between coils, the other one is to obtain the desired tracking

performance. Both simulations and experiments are presented to confirm the

effectiveness of this proposed control design system.

In Chapter 4, to eliminate the chattering problem existing in traditional

SMC method, a new robust control design scheme based on operator theory

for uncertain WPT systems is proposed, where, from different viewpoint, the

considered nonlinear system is of Input/Output presentation. The robust

stability is guaranteed by using operator-based robust right coprime factor-

ization approach. Moreover, the tracking performance can be improved when

compared to the previous method on chattering phenomenon. The results of

the simulations and experiments are conducted to verify its effectiveness.

In Chapter 5, to realize both desired output voltage and high efficiency of

the WPT systems, an operator-based optimal equivalent load tracking con-

trol scheme for uncertain wireless power transfer systems is proposed. When

the proposed control design scheme is adopted, the uncertain term could be

dealt with by using the robust right coprime factorization approach, so the

robust stability could be obtained. Then the optimal equivalent load for

the coupling system can be matched to realize impedance matching without

the acquisition of alternating current signal, thus the high efficiency could

be obtained. Moreover, the reference output voltage can be tracked. Sim-

ulations are presented to verify that the proposed control design system is

effectiveness.

In Chapter 6, the proposed operator-based robust nonlinear control design
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schemes are summarized. It could be concluded that by using the proposed

control design schemes, the uncertain term is dealt with, desired tracking

performance of output voltage is obtained. Moreover, the impedance match-

ing could be maintained at the same time, thus high efficiency is obtained.

Simulations and/or experiments have confirm their effectiveness.



Chapter 2

Mathematical preliminaries and
problem statement

2.1 Introduction

In this chapter, the mathematical preliminaries and theoretical background

to remaining the following chapters of this dissertation is presented. It also

provides the foundation for other research topics in WPT system control

design system.

In Section 2.2, the circuit theory is introduced to analyze the power ex-

change between two resonance objects to model the coupling system of the

WPT systems.

In Section 2.3, the mathematical modeling of buck circuit is presented in

its transient state.

In Section 2.4, the basic definitions of operator theory based right factor-

ization, right coprime factorization, and robust right coprime factorization

for nonlinear systems are introduced. Then the bounded input bounded out-

put (BIBO) stable of the uncertain nonlinear systems could be achieved by

using these theories.

In Section 2.5, the impedance matching theory using buck circuit is given

11
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to achieve a high efficiency for WPT system.

In Section 2.6, the problem discussed in this dissertation is presented.

In Section 2.7, the conclusion of this chapter is presented.

2.2 Circuit theory

Series-series compensation is one of the basic structure in WPT systems, The

equivalent circuit of the coupling system between two coils is shown in Fig.

2.1. Vs is the AC source, L1 and L2 are the inductors of transmit inductor and

receive inductor, C2 and C3 mean the compensated capacitor for transmit

inductor and receive inductor, R2 and R3 represent the parasitic resistance

of the two coils. Figs. 2.2 and 2.3 are the simplified equivalent models of

Fig. 1a by using the bidirectional reflected load approach, where Vref , Rref1,

Rref2, Z2(Z3) and w are the reflected source voltage from transmit side to

the receive side, the reflected load form the receive side to transfer side, the

reflected load from transmit side to receive side, the total load in transmit

(or receive) side, and the system operating frequency, respectively.

Figure 2.1: Equivalent circuit of the basic 2-coil WPT system
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Figure 2.2: Simplified circuit in transmit coil

Figure 2.3: Simplified circuit in receive coil
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For WPT systems, the LC structure is always tuned using the same op-

erating frequency (w = 1/
√
L2C2 = 1/

√
L3C3) to obtain the high efficiency.

The reflected load from the receive side to the transmit side can be shown

as follows.

Rref1 =
w2M2

23

R3 +R3L

(2.1)

η =
w2M2

23R3L

(R3 +R3L)[w2M2
23 + (R3 +R3L)(R2 +Rs)]

(2.2)

By taking derivative of equation about efficiency with respect to R3L, the

optimal value of the load R3L,opt for high transfer efficiency is as follows.

R3L,opt = R3

√
1 +

(wM23)
2

R2R3

(2.3)

2.3 Mathematical modeling of buck circuit

Buck circuit adopted in this dissertation as the DC-DC circuit is depicted as

in Fig. 2.4.

Figure 2.4: Equivalent circuit of buck circuit
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Then the mathematical modeling of the circuit is as follows.

diL
dt

=
1

L
(uVin − Vout)

dVout

dt
=

1

C
(iL − Vout

Rout

)
(2.4)

As well known in electrical theory, the function of buck circuit is to convert

input voltage into lower output voltage by tuning the duty cycle D3 (0 <

D3 < 1) of switch. Besides, the input power equals the output power when

the buck circuit is considered as lossless. Then the following equations could

be obtained.

Vout = D3Vin

VinIin = VoutIout
(2.5)

So the input impedance of the buck circuit is as follows.

ZL =
Rout

D2
3

(2.6)

It should be noted, ZL is always larger than Rout. So Rout value of this WPT

system selected must be smaller than designed input impedance ZL.

2.4 Operator-based robust nonlinear control

approach

2.4.1 Definitions on spaces

In this section, some basic linear spaces used in operator theory are intro-

duced as follows.

Normed linear space

Consider a space X of time functions. If X is closed under addition and

scalar multiplication, it could be defined as a vector space. The space X is

said to be a normed linear space if each element x in X is endowed with
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norm ∥ · ∥X , which can be defined in any way so long as the following three

conditions are satisfied.

1) ∥ x ∥ is a real, positive number and is different from zero unless x is

identically zero.

2) ∥ ax ∥= |a| ∥ x ∥.

3) ∥ x1 + x2 ∥≤∥ x1 ∥ + ∥ x2 ∥.

Banach space

Banach space is defined as a complete normed space. It is a vector space

X over the real or complex numbers with a norm ∥·∥ such that every Cauchy

sequence (with respect to the metric d(x, y) = ∥x − y∥) in X has a limit in

X. Many spaces of sequences or functions are infinite dimensional Banach

spaces.

Extended linear space

Let Z be the family of real-valued measurable functions defined on [0,∞),

which is a linear space. For each constant T ∈ [0,∞), let PT be the Pro-

jection operator mapping from Z to another linear space, ZT , of measurable

functions such that where, fT (t) ∈ ZT is called the truncation of f(t) with

respect to T . Then, for any given Banach space X of measurable function, if

Xe = {f ∈ Z :∥ fT ∥X< ∞, for allT < ∞} (2.7)

The extended linear space is used in this dissertation because the sampling

time is finite-time in experiments.

2.4.2 Definitions of operators

Let the spaces U and Y be two extended normed linear spaces of complex

numbers, and let Us and Ys be normed linear subspaces, called the stable

subspaces of U and Y .
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Operator:

Define the operator Q : U → Y be a mapping from input space U to

output space Y . The operator Q can be expressed as y(t) = Q(u)(t) where

u(t) is the element of U and y(t) is the element of Y . The operators are all

assumed to be casual, well-posed and bounded. D(Q) and R(Q) denote the

domain and range of operator Q, respectively.

Bounded input bounded output (BIBO) stability:

Let Q be a nonlinear operator with D(Q) ⊆ U e and R(Q) ⊆ Y e. If

Q(U) ⊆ Y , Q is said to be stable. If Q maps all input functions from Us into

the output space Ys, then operator Q is said to be bounded input bounded

output stable or simple stable. Otherwise, the Q could not map all input

functions from Us into the output space Ys, Q is unstable. All the stable

operators mentioned in this dissertation mean BIBO stable.

Invertible:

An operator Q is said to be invertible if there exists an operator P such

that

Q · P = P ·Q = I. (2.8)

P is called the inverse of Q and is denoted by Q−1, where, I is the identity

operator, and Q · P is an operation satisfying

D(Q · P ) = P−1(R(P )
∩

D(Q)). (2.9)

Unimodular operator:

Let S(U, Y ) be the set of stable operators mapping from U to Y . Then,

S(U, Y ) contains a subset defined by

µ(U, Y ) =
{
M : M ∈ S(U, Y ), M is invertible with M−1 ∈ S(U, Y )

}
.

(2.10)

Elements of µ(U, Y ) are unimodular operators.

Lipschitz operator:
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For any subset D ⊆ U , let F (D,Y ) be the family of nonlinear operators

Q such that D(Q) = D and R(Q) ⊆ Y . The (semi)-norm on (a subset of)

F (Us, Ys) is denoted by

∥ A ∥:= sup
u1,u2∈U
u1 ̸=u2

∥ Q(u1)−Q(u2) ∥Y
∥ u1 − u2 ∥U

, (2.11)

if it is finite. In general, it is a semi-norm in the sense that ∥Q∥ = 0 does

not necessarily imply Q = 0. In fact, it can be easily seen that ∥Q∥ = 0 if Q

is a constant operator (need not to be zero) that maps all elements from D

to the same element in Y .

Let Lip(D,Y ) be the subset of F (D,Y ) with all elements Q satisfying

∥Q∥∞. Each Q ∈ Lip(D,Y ) is called a Lipschitz operator mapping from D

to Y , and the number ∥Q∥ is called the Lipschitz semi-norm of the operator

Q on D.

Generalized Lipschitz operator:

Let Xe and Y e be extended linear spaces associating respectively with

two given Banach spaces X and Y of measurable functions defined on the

time domain [0,∞), and let D be a subset of Xe. A nonlinear operator

Q : D → Y e is called a generalized Lipschitz operator on D if there exists a

constant L such that

∥ [Q(u1)]T − [Q(u2)]T ∥≤ L ∥ u1 − u2 ∥ (2.12)

for all u1, u2 and for all T ∈ [0,∞). Noted that the least such constant L is

given by the norm of Q with

∥ Q ∥Lip= ∥ Q(u0) ∥Y + ∥ Q ∥

= ∥ Q(u0) ∥Y

+ sup
T∈[0,∞)

sup
u1,u2∈U
u1 ̸=u2

∥ Q(u1)−Q(u2) ∥Y
∥ u1 − u2 ∥U

(2.13)
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for any fixed u0 ∈ D.

Based on (2.13), it follows immediately that for any T ∈ [0,∞)

∥ [Q(u1)]T − [Q(u2)]T ∥≤∥Q∥ ∥ u1 − u2 ∥X
≤∥Q∥Lip ∥ u1 − u2 ∥X . (2.14)

Lemma 2.1 Let Xe and Y e be extended linear spaces associating respec-

tively with two given Banach spaces X and Y , respectively, and let D be a

subset of Xe. The following family of Lipschitz operators is a Banach space:

Lip(D,Y e) = {Q : D → Y e ∥Q∥Lip < ∞ on D}. (2.15)

2.4.3 Right coprime factorization

As shown in Fig. 2.5, define a nonlinear system as operator P : U → Y . U

and Y are the input and output space of this plant.

Figure 2.5: Right factorization of the plant

Right factorization:

If there exists a linear space W , operators D : W → U which is also

invertible, and N + △N : W → Y so that P + △P = (N + △N)D−1, the

plant is said to have a right factorization [78–82].

Right coprime factorization:

Let (N,D) be the right factorization of P . The feedback nonlinear control

system shown in Fig. 2.6 is BIBO stable if there exist two stable operators
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A : Y → U and B : U → U (B is also invertible) satisfying the following

equations [83–86].

AN +BD = M (2.16)

where M is an unimodular operator.

Figure 2.6: Feedback nonlinear system of the plant

Robust right coprime factorization:

To consider the uncertain term in the nonlinear system. With the de-

signed operators A and B in Fig. 2.7, the following equation could be fur-

thermore satisfied [87–89].

∥ (A(N +△N)− AN)M−1 ∥Lip< 1 (2.17)

where ∥ · ∥Lip is a Lipschitz norm. Then the nonlinear feedback control

system is robust stability. where M is an unimodular operator.

2.5 Impedance matching

In the 4-coil WPT systems with buck circuit as shown in Fig. 2.8, impedance

matching can be used to obtain the high power transfer efficiency. Impedance

matching is a popular scheme to track the desired equivalent load for coupling

systems in WPT systems, thus high efficiency of the coupling system can be
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Figure 2.7: Feedback nonlinear system with uncertainties

obtained. The optimal equivalent load from load side to the receive side

R3L,opt should satisfy the following equation.

Figure 2.8: WPT system with buck circuit.

R3L,opt =
(wM34)

2

RL,opt

= R3

√
1 +

(wM23)
2

R2R3

(2.18)
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So RL,opt can be calculated as follows.

RL,opt =
(wM34)

2

R3

√
1 +

(wM23)
2

R2R3

(2.19)

The equation indicates that, if we let the positions of the coils fixed, then

RL,opt can be calculated. It can also be observed that, by tuning D3, the

desired RL,opt can be obtained with a fixed Rout. Thus the corresponding

optimal duty cycle D3,opt is

D3,opt =

√
8Rout

π2RL,opt

. (2.20)

2.6 Problem statement

In this dissertation, the WPT system with DC-DC circuits which is driven

by the duty cycle of switch. The difficulty is to deal with the uncertain

terms about the distance between coils (mutual inductance) and variation of

output load in the nonlinear control design system. It is necessary to propose

suitable closed-loop control schemes to realize the power management of the

WPT system to tackle such problem.

Firstly, there are different closed-loop feedback control design schemes in

WPT systems with DC-DC converters, such as PID control scheme, hystere-

sis method, perturbation-and-observation control scheme, and sliding mode

control (SMC) method. The PID control scheme was proposed in a WPT

system to track the reference signal, but the speed to track the reference

signal is slow because the inherent shortage exists in traditional PID com-

pensator. Hysteresis method is used in a WPT system with a boost circuit

to realize the desired transfer power, but the stability of the WPT system

have not been considered with the infinite frequency of a switch in practice.
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Proportional and observations method is widely used in WPT system with

buck circuit, boost circuit, and buck-boost circuit, the maximum efficiency

and desired power could be obtain at the same time. However, the searching

time is long and the settling transien period is needed. Also, SMC scheme is

a promising way adopted in WPT system with DC-DC circuits because of the

fast tracking speed and simple implementation. But the accurate distance

between coils are difficult to achieved in the WPT experiments and the mu-

tual inductance is very sensitive to the resonant coils’ distance. Motivated by

operator theory for uncertain nonlinear systems, to deal with the uncertain

mutual inductance, which is caused by the inaccurate distance between the

resonant coils in the WPT systems, a robust nonlinear control design scheme

based on operator theory using sliding mode technology is given. By using

the proposed control scheme, the robust stability of the WPT system with

the uncertain term can be guaranteed. Besides, sliding mode technology can

help to track the desired signal. Finally, the simulations and experiments are

tested to confirm its effectiveness.

Secondly, the chattering phenomenon exists because of the inherent short-

age of traditional SMC technology by using the method mentioned above.

Motivated by the elimination method of chattering phenomenon existing in

traditional SMC technology, the tracking performance could be improved by

eliminating the chattering phenomenon. It is difficult to deal with the un-

certain term and improve the tracking performance of output voltage at the

same time. A proposed new nonlinear robust control design scheme based

on operator theory for WPT systems with uncertainties is given. when the

new proposed control design scheme is adopted, the robust stability can be

guaranteed by using robust right coprime factorization approach. Moreover,

the tracking performance is improved. Simulations and experiments are con-

ducted to analyze the effectiveness of this proposed control design system.

Thirdly, the tracking performance of output voltage could be obtained
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for the robust WPT control system by using the above two proposed control

schemes. But the impedance matching may be destroyed when the output

load is varied, thus the high efficiency could not be maintained. Besides, the

acquisition of AC signals with high frequency in previous researches would

increase the complexity of the setup. Motivated by the power management

of both transfer power and efficiency, not only the tracking performance of

output voltage should be obtained, but also the impedance matching need

to be realized to obtain high efficiency when the output load varies, and the

acquisition of high frequency AC signal should be eliminated. Furthermore,

the stability and robustness of the designed control systems need to be dealt

with. So a proposed operator-based optimal equivalent load tracking control

scheme is conducted for WPT systems with uncertain term. The robust

stability of the feedback nonlinear system can be guaranteed by using robust

right coprime factorization approach. Besides, the impedance matching of

the WPT systems can be obtained without the acquisition of the AC signal,

so high efficiency could be obtained and complexity of the setup is erased.

Moreover, the constant output voltage could be obtained in the WPT system.

Simulations are shown to verify that the proposed control design scheme is

effectiveness.

In summary, the dissertation intends to propose three kinds of robust

nonlinear design schemes based on operator theory for WPT systems.

2.7 Conclusion

In this chapter, the circuit theory of coupling systems, the modeling of buck

circuit, the basic theories of operator-based control schemes and impedance

matching are introduced. In addition, the problems which is discussed in

this dissertation are stated, which gives the framework of our work.



Chapter 3

Operator-based robust
nonlinear control of uncertain
wireless power transfer (WPT)
systems

3.1 Introduction

In this chapter, the setup of the WPT system is given and its corresponding

mathematical modeling is derived and SMC method used in this proposed

method is introduced. Then an operator-based robust nonlinear control de-

sign scheme is proposed to tackle the uncertain mutual inductance, which is

resulting from the movement between resonant coils in WPT systems.

In Section 3.2, the derivation about the mathematical modeling of WPT

systems is presented and the sliding mode control method is introduced.

In Section 3.3, based on the above modeling of the WPT system, an

operator-based robust nonlinear control design scheme is proposed to tackle

the uncertain mutual inductance, which is resulting from the movement dis-

tance between transmit coil and receive coil. The proposed control design

method has two merits. Firstly, to deal with the uncertain term, the robust

25
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right coprime factorization approach is adopted to guarantee the robust sta-

bility of the uncertain WPT system. Then sliding mode technology is used

to obtain the desired output voltage in the WPT system.

In Section 3.4, simulations and experiments are conducted to show the

effectiveness of the proposed control design scheme.

In Section 3.5, the conclusion about the chapter is presented.

3.2 Modeling of the WPT system with a buck

circuit and sliding mode control technol-

ogy

3.2.1 Modeling of the WPT system with a buck circuit

The setup of the WPT system using a buck circuit is shown in Fig. 3.1, it

includes the power source, the coupling system, the rectifying circuit, and

the buck circuit. Besides, the sampling board is connected to the processing

unit so that the WPT system is controllable. The proposed control method

was conducted in a TMS320C6713 DSP embedded control system, the reason

is that this type DSP has high digital signal processing capability and high

operating frequency (the operation frequency could achieve 225MHz).

The coupling system includes four parallel helical coils, and their position

is shown in Fig. 3.2. O1, O2, O3 and O4 are the center of the four coils,

respectively. O1 is the origin of the coordinates in the three dimensional

coordinates, i.e., (0, 0, 0). In the setup, the relative position of the coils can

be determined by the coordinates of O2, O3 and O4.

The equivalent circuit of this WPT system can be shown in Fig. 3.3.

The resonant loops are linked by the mutual inductances M12, M23, and

M34, which depends on the locations of the coils. Vs means power source, V1

and f are the amplitude and frequency of Vs, respectively. Rs, L1 and C1
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Figure 3.1: Setup of the WPT system.

Figure 3.2: Relative position of the coils.
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Figure 3.3: Equivalent circuit of the WPT system.

are the source resistance, inductor and compensated capacitor of the source

coil. R2, L2 and C2 are the parasitic resistance, inductor and compensated

capacitor of the transmit loop. R3, L3 and C3 are the parasitic resistance,

inductor and compensated capacitor of the receive loop. R4, L4 and C4 are

the parasitic resistance, inductor and compensated capacitor of the load loop.

C5 is a big capacitor to stabilize the voltage, Ls and Cs are the filter inductor

and the filter capacitor of the buck circuit, D2 and S are the diode and switch

of the buck circuit, Rout is the output resistance.

In Fig. 3.3, for simplicity, three assumptions are made as follows: 1.

Only the first harmonic Vac of VL is considered. 2. The buck circuit in the

WPT system is considered to be lossless. 3. C5 can be used to stabilize Vin.

Then let RL be the equivalent load of both the rectifier and buck circuit, the

mathematical modeling can be expressed by using Kirchhoff’s voltage law as



3.2. MODELING OF WPT SYSTEMS 29

follows.

I1

(
Rs + jwL1 +

1

jwC1

)
+ jwI2M12 = Vs

I2

(
R2 + jwL2 +

1

jwC2

)
+ jw (I1M12 − I3M23) = 0

I3

(
R3 + jwL3 +

1

jwC3

)
+ jw (I4M34 − I2M23) = 0

I4

(
RL +R4 + jwL4 +

1

jwC4

)
+ jwI3M34 = 0

(3.1)

where w = 2πf .

Then Vac = I4RL can be calculated by using the above four KVL equa-

tions, where jwLi =
1

jwCi

(i = 1, 2, 3, 4)

Vac =
jw3M12M23M34RLVs

w4M2
12M

2
34 + Z1Z2Z3Z4 + w2κ

Z1 = Rs + jwL1 +
1

jwC1

Z2 = R2 + jwL2 +
1

jwC2

Z3 = R3 + jwL3 +
1

jwC3

Z4 = RL +R4 + jwL4 +
1

jwC4

κ = M2
12Z3Z4 +M2

23Z1Z4 +M2
34Z1Z2

(3.2)

Define and V2 is the amplitude of Vac, because the existence of capacitor

C5, the top value VL1 and the low value VL2 of the square waveform VL can

be obtained using the Fourier method.

VL1 = −VL2 =
π

4
V2 (3.3)

Then Vin can be calculated as follows.

Vin = VL1 = |VL2| =
πw3M12M23M34RLV1

4 (w4M2
12M

2
34 + Z1Z2Z3Z4 + w2κ)

(3.4)
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It is worth mentioning that Vin includes the equivalent load RL which have

not been analysed.

Then our aim is to get RL. With the above assumptions, the input

signals to the rectifier includes an ideal sinusoidal current which is caused

by the resonant components and a square wave voltage due to the stabilize

capacitor. Define D3 be the duty ratio of switch S (D3 = ton/T , ton is the

period during which S is on, and T is the time of one switching time). The

expression about I4 and Iout, the expression about Vac and Vout can be got

as follows.

I4 =
π

2
D3Ioutsin θ

Vac =
4Vout

πD3

sin θ
(3.5)

Then RL can be calculated as follows, and it can be observed from the

equation that RL is determined by D3 even when Rout is fixed.

RL = Vac/I4 =
8Rout

(πD3)2
(3.6)

To take the transient response of the buck circuit into consideration, the

modeling of the WPT system is as follows.

dIL
dt

=
1

Ls

(D3Vin − Vout)

dVout

dt
=

1

Cs

(
IL − Vout

Rout

) (3.7)

For the simply expression of the mathematical modeling for the WPT
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system, we define the following functions.

M1 = − 1

2RoutCs

N1 =

√
1

(2RoutCs)
2 − 1

CsLs

X1 = M1 +N1

Y1 = M1 −N1

M2 = D3Vin
M1 −N1

2N1

N2 = −D3Vin
M1 +N1

2N1

(3.8)

So the mathematical plant P of the WPT system can be derived as the

following equation with (3.6) and the expression about Z4 and κ in (3.2).

Vout = M2e
X1t +N2e

Y1t +D3Vin (3.9)

where,

Vin =
πw3M12M23M34RLV1

4 (w4M2
12M

2
34 + Z1Z2Z3Z4 + w2κ)

(3.10)

and e means a euler constant. The plant is nonlinear because of the complex

variable Vin, which is determined by the variable equivalent load RL (D3).

3.2.2 Calculation of the reference signal to obtain high
efficiency

As discussed in Section 2.3, to obtain the high efficiency, the the optimal

duty cycle D3,opt should be

D3,opt =

√
8Rout

π2RL,opt

. (3.11)

So the optimal reference output voltage to achieve impedance matching

can be obtained as follows.

Vref,1 = D3,opt
πw3M12M23M34RL,optV1

4 (w4M2
12M

2
34 + Z1Z2Z3Z4,opt + w2κopt)

. (3.12)



32 CHAPTER 3. ROBUST NONLINEAR CONTROL& WPT SYSTEMS

3.2.3 Sliding mode control technology

In nonlinear systems, SMC provides a popular control method because of

the short tracking time. When the sliding manifold and the control law

for switch are properly designed, the states of the system will move to the

sliding manifold and converge to the origion [72–76]. In application systems,

the sliding function is always defined as follows.

S1 = α1e1 + ė1. (3.13)

where α1 > 0, e1 and ė1 are the error between the transient value and desired

value, the derivation of the error, respectively. Besides, to eliminate the

chattering problem due to the finite frequency of switch in setup, hysteresis

modulation (HM) was adopted as the control law, h is the hysteresis band

of HM.

u =

{
1 when S1 > +h

0 when S1 < −h
(3.14)

3.3 Proposed operator-based robust nonlin-

ear control scheme using sliding mode con-

trol technology

3.3.1 Proposed operator-based robust nonlinear con-
trol system design

Fig. 3.4 shows the proposed operator-based robust nonlinear control system

for the WPT system.

The mathematical modeling P considering the uncertain term ∆P can

be given for the WPT system as follows.

P +∆P : y = (1 + ∆) (M2e
X1t +N2e

Y1t +D3Vin) (3.15)
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Figure 3.4: Proposed robust nonlinear control scheme.

where ∆ is the uncertain term of the WPT system (∥∆∥ < 1) resulting from

the inaccurate distance between transmit coil and receive coil, y is the output

voltage Vout, and Vin is a variable voltage.

The input control of switch S contains two states (u = 0 and u = 1) to

decide whether the switch is on or off in simulations (Matlab/Simulink) and

experiments. In this paper, u = 1 is used to close the switch and u = 0 is

used to open the switch. Duty cycle D3 represents the equivalent control of

u (0 < D3 < 1) and weq is the equivalent control of the quasi-state w1. The

plant can be right factorized as follows.

N +∆N : y =(1 + ∆)
(
(1− weq)Vin

M1 −N1

2N1

eX1t − (1− weq)
)

· Vin
M1 +N1

2N1

eY1t + (1− weq)Vin

(3.16)

D : D3 = 1− weq (3.17)

To analyse the stability, robust stability and tracking performance of the

control system, we designed the compensators C and χ1 using sliding mode

technology as follows.

C : u1 = e1 +K (3.18)

χ1 : χ = αe1 + ė1 +K (3.19)
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where K is a designed number satisfying K > 1, r is the reference signal

Vref , e1 and α are

e1 = y − r (3.20)

α =
1

RoutCs

+ 1. (3.21)

The operator-based feedback control system is shown in Fig. 3.5. The

operators A and B were designed as follows.

Figure 3.5: Operator-based feedback control system using sliding mode tech-
nology.

A : b = 1−
[CL

Vin

(d2y
dt2

+
y

CL
+

1

RoutC

dy

dt

)]
(3.22)

B−1 : u =
sgn(a+ 1−D3 − χ) + 1

2
(3.23)

where sgn is the sign of the signal, it is worth mentioning that A is designed

as the inverse function of N (A = N−1). As shown in Fig. 3.5, the designed

operator B−1 can also be expressed using B−1
1 : a → u2 and B2 : u2 → u as

follows.

B−1
1 : u2 = a+ 1−D3 − χ (3.24)

B2 : u =
sgn(u2) + 1

2
(3.25)
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By using the proposed control design scheme, e1 = ė1 = 0 and u2 → 0 can

be obtained to achieve the tracking performance when time comes to infinite.

Besides, weq = 1−D3 (0 < weq < 1) because of (3.17). As shown in Fig. 3.5,

a = BD(weq) = B1(u2). Besides, A = N−1 and B1 : a = u2−1+D3+χ using

(3.24). Then by using the designed operators, M̃ in A (N +△N)+BD = M̃

can be calculated as follows.

M̃ = (A(N +∆N) +BD) (weq)

= A(N +∆N)(weq) +BD(weq)

= (1 + ∆)N−1N(weq) +B1(u2)

= weq +∆ · weq + u2 − 1 +D3 + χ

= weq +∆ · weq + u2 − 1 +D3 + αe+ ė+K

= K +∆ · weq.

(3.26)

M̃ is an unimodular operator because K > 1, ∥∆∥ < 1 and 0 < weq < 1. M

is the simplified operator of M̃ without the uncertain term ∆, so M = K.

Moreover, the Lipschitz norm of
∥∥∥[A (N +∆N)−AN ]M−1

∥∥∥
Lip

could be

calculated as follows.

∥[A (N +∆N)− AN ]M−1∥Lip
≤ ∥A (N +∆N)− AN∥Lip · ∥M−1∥

= ∥A∆N∥Lip ·
1

K

= ∥∆∥ · weq ·
1

K
< 1

(3.27)

So the feedback control system is robust stability.

3.3.2 Proposed tracking control design

Because the direct implementation of sgn() in (3.23) will cause the WPT

system to operate at an uncontrollable infinite switching frequency which is
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not desire in practice. Therefore, HM method is employed with a hystere-

sis band h in proposed tracking control system to solve the high frequency

operation, thus guaranteeing the tracking performance. The HM method is

designed as follows.

u =

{
1 when u2 > +h

0 when u2 < −h

The proposed tracking control system is designed as shown in Fig. 3.6.

Figure 3.6: Proposed tracking control system.

As shown in Fig. 3.4, a = u1 − b. Besides, weq = 1 − D3 has been

illustrated. With the designed compensators C : u1 = e + K and χ1 : χ =

αe+ ė+K. Then the calculation of u2 can be expressed as follows.

u2 = a+ 1−D3 − χ

= (u1 − b) + 1−D3 − (αe1 + ė1 +K)

= e+K − weq + 1−D3 − (αe1 + ė1)−K

= −(α− 1)e1 − ė1

(3.28)

The time derivative of u2 is

u̇2 = −(α− 1)ė1 − ë1. (3.29)
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Define x1 = e1(t) and x2 = ė1(t). The modeling of N of the WPT system

can be obtained as follows using (3.17) and (3.20), (3.7).

ẋ1 = x2

ẋ2 = − ẋ1

RoutCs

+
1

LsCs

[(
1− weq

)
Vin − Vref − x1

] (3.30)

Because of the inherent property of the buck circuit in the WPT system,

Vout is less than Vin. The following equations can be obtained using (3.20),

(3.21), (3.25), (3.29) and (3.30).

u̇2 = − 1

LsCs

(Vin − Vref − e1) < 0 u2 > 0

u̇2 =
1

LsCs

(Vref + e1) > 0 u2 < 0
(3.31)

Because of (3.31), as time goes, u2 satisfies the following equations.

u2 = −(α− 1)e1 − ė1 = 0

u̇2 = − 1

LsCs

[
(1− weq)Vin − Vref − e1

]
= 0

(3.32)

Thus weq can be obtained as

weq = 1− Vref − e1 (0) e
− t

RoutCs

Vin

. (3.33)

where e(0) is the value of e at t = 0.

In the WPT system, parameters X1, Y1, and −1/(RoutCs) are negative

numbers. As t → ∞,

eX1t → 0

eY1t → 0

e
− t

RoutCs → 0.

(3.34)
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Then y in steady state (t → ∞) can be obtained as follows.

y =N(weq)

= (1− weq)Vin
M1 −N1

2N1

eX1t − (1− weq)

· Vin
M1 +N1

2N1

eY1t + (1− weq)Vin

→
[
1−

(
1− Vref − e1(0)e

− t
RoutCs

Vin

)]
Vin

→Vref − e1(0)e
− t

RoutCs

→Vref

(3.35)

Therefore, the tracking performance is obtained (e1 = ė1 = 0).

From the discussion above, the robust stability can be guaranteed us-

ing robust right coprime factorization approach to deal with the uncertain

distance (mutual inductance M23) in the WPT system. Also, the tracking

performance can be obtained using sliding mode technology.

3.4 Simulations and experiments

In order to confirm the effectiveness of the proposed operator-based robust

nonlinear control design scheme, the WPT system with the buck circuit has

been conducted both by simulations and experiments. The specifications of

the WPT system are given in Table 3.1.

3.4.1 Simulations

When M12 = M34 = 8.5 µH and M23 = 7.5 µH, to obtain the high power

transfer efficiency, the reference signal is set as 2.46 V . The parameters of

the proposed control design scheme are set as h = 0.02, α = 14, K = 1.4.

Simulations are carried out using the Simulink of Matlab with a small step

size of 10 ns.
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Figure 3.7: Output voltage of the WPT system with the certain term M23.
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Figure 3.8: Output voltage of rectifying circuit and output voltage of the
WPT system when M23 becomes larger than before at t = 0.6 s.
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Table 3.1: Specifications of the WPT system.

Description Parameter Value Unit

Amplitude of source voltage V1 12 V
Source frequency f 2 MHz
Resistance in power loop Rs 50 Ω
Transmit/Receive inductor L1, L4 4.3 µH
Resonant inductors L2, L3 35.3 µH

Resonant capacitors
C2, C3 179 pF
C1, C4 1 nF

Parasitic resistance
R2, R3 45 Ω
R4 0.3 Ω

Large capacitor C5 1 µF
Filter capacitor Cs 1000 µF
Filter inductor Ls 1 mH
Output load Rout 75 Ω

By using this proposed control method, Fig. 3.7 indicates that the output

voltage Vout can track the reference signal 2.46 V with the certain term

M23 = 7.5 µH.

To consider the uncertain mutual inductance, when M23 changes from

7.5 µH to 9 µH (M23 becomes larger than before) at t = 0.6 s, Vin and Vout

can be obtained as shown in Fig. 3.8. When M23 changes from 7.5 µH to

7 µH (M23 becomes smaller than before) at t = 0.6 s, Vin and Vout can be

obtained as shown in Fig. 3.9.

It can be observed from Figs. 3.8 and 3.9, the output voltage can maintain

the tracking performance even when there exists the uncertain term M23 (no

matter M23 is larger or smaller than the normal value).

The Lipschitz norm ∥[A (N +∆N)−AN ]M−1∥Lip is shown in Fig. 3.10.

The maximum value is less than 1. Therefore, the robust stability is guar-

anteed using robust right coprime factorization.

Noted that, the input power is 450 mW , the output power is 81 mW , so
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Figure 3.9: Output voltage of rectifying circuit and output voltage of the
WPT system when M23 becomes smaller than before at t = 0.6 s.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time (s)

R
o
b
u
st

n
es

s 
an

al
y
se

s

Figure 3.10: Robustness analyses.
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the transfer efficiency is 17.6 % in this WPT system.

3.4.2 Experiments

In the setup, O2, O3 and O4 are located at (16, 0, 0), (66, 0, 0) and (82, 0, 0)

to get M12 = M34 = 8.5 µH and M23 = 7.5 µH. The reference signal and the

parameters of the proposed control scheme were designed as same as those

in simulations. The switching frequency of S is 20 KHz in the experiments.

The reference voltage is 2.46 V , when the coils are located at the positions

as above (normal distance), the output voltage is shown in Fig. 3.11. It can

be observed that the output voltage can track the reference voltage.

To consider the uncertain distance, when the position of O3 and O4 moves

to (56, 0, 0) and (72, 0, 0) (the distance between O2 and O3 becomes smaller

than before), respectively. Vin and Vout obtained in the experiments are shown

in Fig. 3.12. When the position of O3 and O4 moves to (71, 0, 0) and (87, 0, 0)

(the distance between O2 and O3 becomes larger than before), respectively.

Vin and Vout obtained in the experiments are shown in Fig. 3.13. Noted that

the green one represents Vin and the yellow one represents Vout.

When the distance between transmit coil and receive coil becomes smaller

(uncertain distance) than the normal distance, the input voltage to rectifier

and output voltage are shown in Fig. 3.12, and the two signals are shown in

Fig. 3.13 when the distance between transmit coil and receive coil becomes

larger (uncertain distance) than normal distance. It can be deduced from

Fig. 3.12 and Fig. 3.13, the proposed control design scheme can always

track the reference signal even when there exists a inaccurate distance in the

WPT system.

From the above results about simulations and experiments, by using the

proposed operator-based robust nonlinear control design scheme, the robust

stability was guaranteed to tackle the uncertain distance (M23), and the

tracking performance can always be obtained in the WPT system.
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Figure 3.11: Output voltage of the WPT system with the certain distance.

Figure 3.12: Output voltage of rectifying circuit and output voltage of the
WPT system when the distance between transmit coil and receive coil be-
comes smaller than before.
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Figure 3.13: Output voltage of rectifying circuit and output voltage of the
WPT system when the distance between transmit coil and receive coil be-
comes larger than before.

Noted that, the input power is 809 mW , the output power is 81 mW , so

the transfer efficiency is 10 % in this WPT system due to the power loss on

the DC-DC circuit (359 mW ).

Besides, to analyses different align of the coils, when the transmit coil and

receive coil are located as Fig. 3.14. To obtain the desired output voltage,

when x = 55 mm, y should be 0 mm; when x = 45 mm, the range of y can

achieve 17 mm; when x = 35 mm, the range of y can achieve 22 mm; when

x = 23 mm, the range of y can achieve 31 mm.

3.5 Conclusion

In this chapter, to deal with the uncertain mutual inductance resulting from

the inaccurate distance between transmit coil and receive coil in the WPT

system, an operator-based robust nonlinear control design scheme using slid-

ing mode technology was proposed. The proposed control design scheme can
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Figure 3.14: Relative position of the transmit coil and receive coil.

guarantee the robust stability of the WPT system with the uncertain term.

Meantime, the tracking performance was also obtained by using sliding mode

control method. The results of simulations and experiments were presented

to confirm its effectiveness.





Chapter 4

Tracking performance
improvement for
operator-based robust
nonlinear control of WPT
systems with uncertainties

4.1 Introduction

In this chapter, the terminal sliding mode control method is introduced.

Then a new proposed robust control design scheme for wireless power trans-

fer systems with uncertainties is proposed based on operator theory. In the

proposed control design system, to deal with the uncertainties in the wireless

power transfer system, operator-based robust right coprime factorization ap-

proach is adopted to guarantee the robust stability. Moreover, the tracking

performance can be improved when the proposed control design scheme is

adopted.

In Section 4.2, the terminal SMC method is introduced.

In Section 4.3, a proposed robust control design scheme for WPT systems

with uncertainties is proposed based on operator theory, where, from different

47
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viewpoint, the considered nonlinear system is of Input/Output presentation.

The robust stability could be guaranteed by using operator-based robust

right coprime factorization approach.

In Section 4.4, simulations and experiments are conducted to confirm

the effectiveness of the new operator-based nonlinear robust control design

scheme.

In Section 4.5, the conclusion is presented.

4.2 Terminal sliding mode control method

For a nonlinear system as follows, the TSM manifold for the system can be

designed in the following form.

s = ë1 + Γ1ė
α2
1 + Γ2e

α1
1 (4.1)

where e1 is the system state, Γi and αi (i = 1, 2) are the designed parameters

in TSM manifold. To obtain the tracking performance, Γi should be deter-

mined to guarantee that the polynomial p2+Γ1p+Γ2 is Hurwitz, thus all the

eigenvalues of the polynomial are negative. Besides, αi should be designed

based on the following equations and 0 < αi < 1.

α1 = α2/(2− α2) (4.2)

Once the ideal sliding mode s = 0 could be maintained, the nonlinear

system will behave as follows.

ë1 + Γ1ė
α2
1 + Γ2e

α1
1 = 0 (4.3)

Noted that when SM manifold (s = ë1 + Γ1ė1 + Γ2e1) is adopted, the

system will converge to its equilibrium point along SM manifold in infinite

time if Γi are selected to guarantee that the polynomial p2 + Γ1p + Γ2 is

Hurwitz. When TSM manifold is adopted, αi in (4.1) are also adopted and
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determined using (4.2), system (4.3) can converge to its equilibrium point

from any initial condition along the TSM manifold in finite time [90–95].

4.3 New operator-based nonlinear robust con-

trol design scheme

In the subsection, the proposed new nonlinear robust control design scheme

is shown in Fig. 4.1, and the operators C, χ, F1, B
−1
1 , B2 and F2 are as

follows.

Figure 4.1: Proposed operator-based nonlinear robust control design scheme.
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C : u1 = K1e
α1
1 +K2 (4.4)

χ :
χ1 = ë1 + Γ1ė

α2
1 + Γ2e

α1
1 +K2

χ2 = Γ1ė
α2
1 + (Γ2 +K1)e

α1
1

(4.5)

F1 : ueq = −χ2 +
y

LsCs

+
ẏ

RoutCs

(4.6)

A : b = 1−
[LsCs

Vin

(d2y
dt2

+
y

LsCs

+
1

RoutCs

dy

dt

)]
(4.7)

B−1
1 : v = K3 · sgn(a+ 1−D3 − χ1) (4.8)

B2 : u̇n + Tun = v (4.9)

F2 : D3 =
LsCs

Vin

(ueq + un) (4.10)

where K1, K2, K3, Γ1, Γ2, α1, α2 and T are designed parameters, satisfying

K1 > 0, K2 > 1, K3 > 0, Γ 2
1 − 4(Γ2+K1) > 0, α1 = α2/(2−α2), 0 < αi < 1,

T > 0 and un(0) = 0. sgn is the sign of the signal, y = Vout, r = Vref , and

e1 = y − r.

In this proposed control design system, B−1
1 and B2 are designed to elim-

inate the existence of sgn function in un, F1 and F2 are proposed to provide

the input D3 for the plant in which the chattering problem has been tackled.

Then A is proposed to deal with the uncertain term of the WPT systems,

compensators C and χ are designed to obtain the tracking performance.

4.3.1 Proposed operator-based robust control of the
WPT system

The mathematical plant P + ∆P considering the uncertain term can be

obtained as the following equation.

P +∆P : y = (1 + ∆) (M2e
X1t +N2e

Y1t +D3Vin) (4.11)

where ∆P is the uncertain term of the WPT system. Since there exists the

additive uncertainty in (4.11), as a result, we assume ∥∆∥ < 1, note that this
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assumption is realistic in WPT systems by limiting the uncertain distance

between the resonance components.

The operator-based robust feedback control system is shown in Fig. 4.2.

Figure 4.2: Proposed operator-based robust feedback control system.

The plant can be right factorized as follows.

N +∆N : y =(1 + ∆)
(
(1− w1)Vin

M1 −N1

2N1

eX1t

− (1− w1)
)
· Vin

M1 +N1

2N1

eY1t

+ (1− w1)Vin

(4.12)

D : D3 =1− w1 (4.13)

It should be noted that A is designed as the inverse function of N (A =

N−1). Besides, w1 = 1 − D3 according to (4.13). By using the proposed

control system design, we could obtain e1 = ė1 = ë1 = 0 and v = 0 to obtain

the tracking performance when the control system is in the steady-state,

which will be presented later. It also could be observed from Fig. 4.2 that

a = B1[B
−1
2 (F−1

2 (D3) − F1(χ2, y))] = B1v = sgn−1(v/K3) + D3 − 1 + χ1.

So M̃ in A (N +△N) + BD = M̃ can be calculated as follows by using the
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designed parameters.

M̃ =(A(N +∆N) +BD) (w1)

=A(N +∆N)(w1) +BD(w1)

=(1 + ∆)N−1N(w1) +B1(v)

=w1 +∆ · w1 + sgn−1(v/K3) +D3 − 1 + ë1

+ Γ1ė
α2
1 + Γ2e

α1
1 +K2

=K2 +∆ · w1

(4.14)

It could be deduced that M̃ is an unimodular operator, because K2 > 1,

∥∆∥ < 1 and 0 < w1 < 1. By the way, M can be obtained as M = K2

without uncertain term (∆ = 0).

Furthermore, the Lipschitz norm of
∥∥∥[A (N +∆N)−AN ]M−1

∥∥∥
Lip

could

be calculated as follows.

∥[A (N +∆N)− AN ]M−1∥Lip
≤ ∥A (N +∆N)− AN∥Lip · ∥M−1∥

= ∥A∆N∥Lip ·
1

K2

= ∥∆∥ · w1 ·
1

K2

< 1

(4.15)

So the feedback control system is robust stability.

4.3.2 Proposed tracking control design system

The proposed control design scheme is shown in Fig. 4.1, a = u1 − b could

be obtained. Besides, w1 = 1−D3 by using (4.13). Define s1 = ë1 + Γ1ė
α2
1 +

(Γ2 +K1)e
α1
1 and v1 = a+1−D3 −χ1. With the designed compensator and
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operators, the relationship between v1 and s1 is

v1 =a+ 1−D3 − χ1

=(u1 − b) + 1−D3 − (ë1 + Γ1ė
α2
1 + Γ2e

α1
1 +K2)

=(e1 +K2 − w1) + 1−D3 + (ë1 + Γ1ė
α2
1

+ Γ2e
α1
1 +K2)

=− ë1 − Γ1ė
α2
1 − (Γ2 +K1)e

α1
1

=− s1.

(4.16)

The modeling of the WPT system could be written as follows.

s1 =ë1 + Γ1ė
α2
1 + (Γ2 +K1)e

α1
1

=− ė1
RoutCs

− y

LsCs

+
D3Vin

LsCs

+ Γ1ė
α2
1 + (Γ2 +K1)e

α1
1

=− ė1
RoutCs

− y

LsCs

+ ueq + un + Γ1ė
α2
1

+ (Γ2 +K1)e
α1
1

=− ė1
RoutCs

− y

LsCs

− χ2 +
y

LsCs

+
ẏ

RoutCs

(4.17)

+ un + Γ1ė
α2
1 + (Γ2 +K1)e

α1
1

=− χ2 + un + Γ1ė
α2
1 + (Γ2 +K1)e

α1
1

=un

By using (4.9), the derivation of s1 is

ṡ1 = u̇n

= −Tun +K3 · sgn(v1)

= −Tun −K3 · sgn(s1).

(4.18)

Hence

s1 · ṡ1 = s1 (−Ts1 −K3 · sgn(s1))

= −Ts21 −K3 | s1 |

< 0.

(4.19)
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So the nonlinear system could reach to s1 = 0 in finite time and stay on

the manifold afterwards due to s1 · ṡ1 < 0. Then the nonlinear system will

behave as follows.

ë1 + Γ1ė
α2
1 + (Γ2 +K1)e

α1
1 = 0 (4.20)

On s1 = 0, because the parameters Γ1, Γ2, and K1 satisfy Γ 2
1 − 4(Γ2 +

K1) > 0, and α1 and α2 are designed satisfying (4.2) as designed before. The

system (4.20) will be convergence to zero in finite time along s1 = 0, thus the

tracking performance can be obtained when the proposed tracking control

design system is adopted (e1 = ė1 = ë1 = 0). Moreover, it is worthy men-

tioning that only v in (4.8) contains switching terms in the control system,

while the actual control signal D3 does not contain these terms, so chattering

phenomenon is avoided.

Therefore, the robust stability could be guaranteed by using proposed

operator-based nonlinear robust control design scheme. Moreover, the track-

ing performance could be obtained without chattering phenomenon, so the

tracking performance is improved by using the new operator-based nonlinear

robust control design scheme.

4.4 Simulations and experiments

To validate the effectiveness of the tracking performance improvement for

operator-based nonlinear robust control design system, simulations and ex-

periments are conducted by using the proposed control system. The block

diagram for the control system with the proposed control design scheme is

depicted in Fig. 4.3, besides, the period of the switching time is 5 ∗ 10−5s.

The parameters of the proposed control scheme are designed as Vref =

2.5V , K1 = 1, K2 = 1.32, K3 = 10, Γ1 = 7, Γ2 = 9, α1 = 9/23, α2 = 9/16,

and T = 0.1. In the designed parameters, the reference signal is set as 2.5V ;
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Figure 4.3: Proposed WPT system by using the proposed control design
scheme.

K1 = 1, Γ1 = 7, and Γ2 = 9 are designed satisfying Γ 2
1 − 4(Γ2 + K1) > 0

so that the system could converge to equilibrium point; K2 is designed to be

bigger than 1 so that the robust stability could be guaranteed; α1 = 9/23,

α2 = 9/16 are proposed to obtain the finite time stable; then K3 = 10 and

T = 0.1 are selected to remove the chattering problem in traditional SM

method.

4.4.1 Simulations

Improved tracking performance

The system states x1 = e1 and x2 = ė1 using the previous method and

proposed method are shown in Figs. 4.4 and 4.5, respectively. Besides, the

actual control input of the control system is depicted in Fig. 4.6 by using the

two methods.
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Figure 4.4: System states using the previous control approach.
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Figure 4.5: System states using the proposed control approach.
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It can be deduced that by using the proposed control method, the system

states could be convergence to zero, and the control signal is smooth without
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0.2

0.4

0.6

0.8

1

u

Previous method

Proposed method

Figure 4.6: Control input of the previous method and proposed method.

chattering compared with previous method. So the tracking performance is

improved.

Tracking of output voltage

To consider the uncertainties of the WPT systems, input voltage to the buck

circuit and the voltage on load in the WPT system are shown in Fig. 4.7

when M23 is changed from 7.5 µH to 6.5 µH. Besides, the output voltage

and input voltage to the buck circuit in the WPT system are shown in Fig. 4.8

when M23 is changed from 7.5 µH to 10.5 µH.

It can be concluded that even though the uncertainties exist in the WPT

system, the tracking performance can still be maintained when the proposed

control design scheme is adopted.
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Figure 4.7: Vout and Vin when M23 becomes smaller.
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Figure 4.8: Vout and Vin when M23 becomes larger.
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Robustness

To analyses the robust stability, the Lipschitz norm
∥∥∥[A (N +∆N)−AN ]M−1

∥∥∥
Lip

is depicted in Fig. 4.9.
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Figure 4.9: Robustness analyses.

It could be observed that the maximum value is less than 1, so the ro-

bustness is guaranteed by using the proposed operator-based nonlinear robust

control system.

Noted that, the input power is 495 mW , the output power is 83 mW , so

the transfer efficiency is 16.8 % in this WPT system.

4.4.2 Experiments

The comparison of tracking performance for the proposed method and pre-

vious method is shown in Fig. 4.10.

It can be deduced that the proposed nonlinear robust control scheme can

improve the tracking performance on chattering problem.
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Figure 4.10: Tracking performance of previous method and the proposed
method in setup.

To consider the uncertainties in the proposed control system, the output

voltage and input voltage to buck circuit are depicted in Fig. 4.11 when

the distance between transmit coil and receive coil changes from 50 mm to

54 mm. Besides, the output voltage and input voltage to buck circuit are

depicted in Fig. 4.12 when the distance changes from 50 mm to 47 mm.

It can be obtained that even though the uncertainties exist in the WPT

system, the tracking performance could still be maintained by using the

proposed control design scheme.

Therefore, it could be observed from the results of simulations and ex-

periments that the tracking performance is improved by using the proposed

operator-based nonlinear robust control design scheme. Besides, the robust

stability is guaranteed.

Noted that, the input power is 864 mW , the output power is 83 mW , so

the transfer efficiency is 9.6 % in this WPT system due to the power loss on

the DC-DC circuit (369 mW ).
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Figure 4.11: Vout and Vin when the distance becomes larger.
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Figure 4.12: Vout and Vin when the distance becomes smaller.
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4.5 Conclusion

In this chapter, a proposed new robust control design scheme for WPT sys-

tems with uncertainties was proposed based on operator theory. By using

this proposed control design scheme, the robust stability can be guaranteed

by using operator-based robust right coprime factorization approach. More-

over, the tracking performance is improved. Simulations and experiments

were tested to confirm that this proposed control design system is effective-

ness.



Chapter 5

Operator-based optimal
equivalent load tracking control
scheme for uncertain WPT
systems

5.1 Introduction

In this chapter, the mathematical modeling of the WPT system including a

boost circuit, an inverter circuit, the coupling system, a rectifier circuit and

a buck circuit, is derived. And an optimal equivalent load tracking scheme

for uncertain WPT systems is proposed based on operator theory. When

the proposed control design scheme is adopted, the uncertain term could be

dealt with by using the robust right coprime factorization approach, so the

robust stability could be obtained. Then the optimal equivalent load for the

coupling system can be matched to realize impedance matching without the

acquisition of alternating current signal, thus the high efficiency could be

obtained. Moreover, the reference signal of output voltage can be tracked.

In Section 5.2, first, the modeling of the mutual inductance and exper-

imental verification are presented. Then the mathematical modeling of the

63
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WPT systems including a boost circuit, an inverter circuit, the coupling

system, a rectifier circuit and a buck circuit, is derived.

In Section 5.3, an optimal equivalent load tracking control scheme based

on operator theory is proposed for WPT systems considering the uncertain

term. By using the robust nonlinear control scheme, the robust stability of

the feedback nonlinear control system is guaranteed by using robust right

coprime factorization approach. Besides, the impedance matching could be

obtained for the coupling system, so high efficiency can be achieved. Finally,

the desired output voltage can be obtained.

In Section 5.4, simulations are conducted to confirm the effectiveness of

the optimal equivalent load tracking control scheme based on operator theory.

In Section 5.5, the conclusion is presented.

5.2 Mathematical modeling of the WPT sys-

tem with a boost circuit in the transmit

side

5.2.1 Modeling of mutual inductance and experimen-
tal verification

In our setup, the radius of both the transmit coil and receive coil are 44mm,

the turns of their coils are 20, and the axial lengths of the their coils are

10mm.

To obtain the mathematical modeling, a estimation method of the mutual

inductance using the parameters of the setup need to be given. When the

position of two coils are shown in Fig. 5.1, its equivalent circuit is as shown

in Fig. 5.2, the mutual inductance could be calculated as follows.

M =
2µ0N1N2

γ

√
ab

[
(1− γ2

2
)F (γ)− E(γ)

]
(5.1)
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Figure 5.1: Position of the coupling coils.

Figure 5.2: Modeling of the coupling coils.

where a and b are the radius of the two coils, c is the axial length of the coils,

d = (4a2 + z2)1/2, N1 and N2 are the number of turns of the two coils, µ0 is

the permeability of air, γ2 = 4ab
[(a+b)2+z2]

, z is the distance between coils, and

F (γ) and E(γ) are the elliptic integrals of the first and second kinds.

To obtain the values of F (γ) and E(γ), the method is as follows. Let
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Figure 5.3: Coupling coils are connected in forward series.

a0 = 1, b0 = (1− γ2)0.5 and c0 = γ. Then apply the recursion formulas

an = 0.5(an−1 + bn−1)

bn = (an−1bn−1)
1/2

cn = 0.5(an−1 − bn−1)

(5.2)

The formulas are iterated until an = bn. F (γ) and E(γ) are obtained as

F (γ) =
π

2an

E(γ) = F (γ)
[
1− 0.5

∑
2nc2n

] (5.3)

To analyse the effectiveness of calculation method, the experimental mea-

surement is used as the reference. The method of the experimental measure-

ment is as follows. Firstly, when the coils are connected as Fig. 5.3, the

equivalent inductor in this circuit is Lc1 = L2 + L3 + 2 ∗ M23. The voltage

U1 and UR1 can be measured, so Lc1 can be calculated as follows.

Lc1 =
U1 − UR1

d(UR1/R)/dt
(5.4)

Besides, when the coils are connected as Fig. 5.4, the equivalent inductor

in the circuit is Lc2 = L2+L3− 2 ∗M23. By using the same way, the Lc2 can
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Figure 5.4: Coupling coils are connected in reverse series.

be calculated as follows.

Lc2 =
U2 − UR2

d(UR2/R)/dt
(5.5)

Then, by using (5.4) and (5.5), the mutual inductor can be calculated as

M23 =
Lc1 − Lc2

4
.

The comparisons of the two methods are as shown in Fig. 5.5. It can be

observed that the derivations are less than 10 %. Therefore, the calculation

method of the the mutual inductance with respect to the distance between

the resonant coils are verified to be effectiveness.

5.2.2 Modeling of WPT system

The WPT system used in this chapter consists of a boost circuit, an inverter

circuit, the coupling system, a rectifier circuit and a buck circuit. The WPT

system is shown in Fig. 5.6.

For simplicity, the modeling of the WPT as shown in Fig. 5.6 is derived

under the three assumptions: 1. The buck and boost circuit is considered to

be lossless, 2. C5 is big enough to stabilize Vinb, 3. Only the first harmonic
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Figure 5.5: Mutual inductance by using the calculation method and experi-
ment measurement.

of square waveform is taken into consideration, 4. The transit state of the

boost circuit is not considered.

Define D3 and D4 be the duty cycles of switch S1 and S2. When the boost

circuit of the wireless power system is considered, the following equations

could be obtained in steady state.

Vinv =
1

1−D4

Vin (5.6)

To consider the influence of the inverter shown in Fig. 5.7. The inverter

is operated as follows, S3, S6 are controlled by plus signal g1 which frequency

is 2MHz and duty cycle is 50%, S4, S5 are controlled by signal by plus signal

g2 which delay half period of g1. So the inverter could generate a square

waveform satisfying that ∥Vinc∥ = Vinv and f = 2 MHz.

It should be noted that only ac signal could be used in the coupling

system. Due to assumption 3, define Vs be the first harmonic waveform of

Vinc and V1 is the amplitude of Vs, so the following equation could be obtained
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Figure 5.6: Diagram of the WPT system.

Figure 5.7: Circuit diagram of the inverter.

by using (5.6).

V1 =
4

π
Vinv =

4

π(1−D4)
Vin (5.7)

Then by using Kirchhoff’s voltage law, define Rinr be the equivalent AC

load of the rectifying circuit and buck circuit, the mathematical modeling of

the coupling system can be obtained as follows.

I1

(
R1 + jwL1 +

1

jwC1

)
+ jwI2M12 = Vs (5.8)

I2

(
R2 + jwL2 +

1

jwC2

)
+ jw (I1M12 − I3M23) = 0 (5.9)

I3

(
R3 + jwL3 +

1

jwC3

)
+ jw (I4M34 − I2M23) = 0 (5.10)

I4

(
Rinr +R4 + jwL4 +

1

jwC4

)
+ jwI3M34 = 0 (5.11)
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where w = 2πf .

Define that Vac is the first harmonic waveform of the VL and V2 is the

amplitude of Vac, Vac = I4Rinr can be solved using the above four KVL

equations, where wLi =
1

wCi

(i = 1, 2, 3, 4)

Vac =
jw3M12M23M34RinrVs

w4M2
12M

2
34 + Z1Z2Z3Z4 + w2κ

Z1 = R1 + jwL1 +
1

jwC1

Z2 = R2 + jwL2 +
1

jwC2

(5.12)

Z3 = R3 + jwL3 +
1

jwC3

Z4 = Rinr +R4 + jwL4 +
1

jwC4

κ = M2
12Z3Z4 +M2

23Z1Z4 +M2
34Z1Z2

Due to the stabilize function of C5, the top value VL1 and the low value

VL2 of VL (which is a square waveform) can be obtained using a Fourier

method.

VL1 = −VL2 =
π

4
V2 (5.13)

Then Vin can be obtained as follows using (5.7) and (5.12).

Vinb =
w3M12M23M34RinrVin

(1−D4) (w4M2
12M

2
34 + Z1Z2Z3Z4 + w2κ)

(5.14)

It should be noted that Vinb contains the equivalent AC resistance Rinr which

is unknown.

Then the assignment is to obtain Rinr. Under the above assumptions, the

input of the rectifying circuit consists of an ideal sinusoidal current driven

from the resonant and a square wave voltage as for the large capacitor. The

relationship between I4 and Iout, the relationship between Vac and Vout can
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be obtained as follows.

I4 =
π

2
D3Ioutsin θ (5.15)

Vac =
4Vout

πD3

sin θ. (5.16)

Therefore, Rinr can be calculated as follows.

Rinr = Vac/I4 =
8Rout

(πD3)2
(5.17)

Besides, to consider the transient response of the buck circuit, the mod-

eling of the WPT system is as follows.

dILs1

dt
=

1

Ls1

(u1Vinb − Vout) (5.18)

dVout

dt
=

1

Cs1

(
ILs1

− Vout

Rout

)
(5.19)

By define the following functions.

M1 = − 1

2RoutCs1

N1 =

√
1

(2RoutCs1)
2 − 1

Cs1Ls1

X1 = M1 +N1 (5.20)

Y1 = M1 −N1

M2 = D3Vinb
M1 −N1

2N1

N2 = −D3Vinb
M1 +N1

2N1

Then the modeling of such WPT systems could be obtained as follows by

solving (5.19).

Vout = M2e
X1t +N2e

Y1t + u1Vinb (5.21)
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Where Vinb is expressed as (5.14), M2, N2, X1 and Y1 are defined in (5.20),

u1 and D4 are the duty cycles of S1 and S2.

It should be noted that, by calculating the derivation of the coupling

system’s efficiency with respect to Rinr, where the optimal load Rref of Rinr

to maximize the efficiency (realize impedance matching) should satisfy the

following equation.

(wM34)
2

Rref +R4

= R3

√
1 +

(wM23)
2

R2R3

(5.22)

So the optimal load Rref could be calculated using (5.22) as follows.

Rref =

√
R2R3 · (wM34)

2

R3 ·
√

R2R3 + (wM23)2
(5.23)

5.3 Proposed operator-based optimal equiv-

alent load tracking scheme

In this subsection, the proposed optimal equivalent load tracking scheme

based on operator theory for uncertain wireless power transfer systems is

depicted in Fig. 5.8. In this control design scheme, A and B−1 are the

designed operators to guarantee the robust stability of the control system

by using robust right coprime factorization approach. Besides, K2, C1 and

χ1 are designed to track the optimal equivalent load by controlling the duty

cycle of the buck circuit. Moreover, by controlling the duty cycle of the boost

circuit, C2 and K1 are the designed so that the desired output voltage could

be obtained.

To consider the uncertain term ∆P of the WPT system, the mathematical

modeling plant P +∆P could be expressed as follows.

y = (1 + ∆) (M2e
X1t +N2e

Y1t +D3Vinb) (5.24)
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Figure 5.8: Proposed control design scheme.

where ∥∆∥ < 1, y is the output voltage Vout.

The plant could be factorized as follows.

N +∆N : y =(1 + ∆)
(
(1− w1)Vinb

M1 −N1

2N1

eX1t (5.25)

− (1− w1)
)
Vinb

M1 +N1

2N1

eY1t

+ (1− w1)Vinb

D : u1 =1− w1 (5.26)

To guarantee the robust stability of nonlinear system, the operators A

and B are designed as follows.

A : b = 1−
[Cs1Ls1

Vinb

(d2y
dt2

+
y

Cs1Ls1

+
1

RoutCs1

dy

dt

)]
(5.27)

B−1 : u =
sgn(v) + 1

2
(5.28)

where K is a designed desired satisfying K > 1, sgn means the sign of

the signal, u is the transit state of switch S1 (u = 0 means S1 is off and

u = 1 means S1 is on), noted that u1 is the equivalent control of u in the

switch-mode control system, and

v = a+ 1−D3 − χ (5.29)
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The proposed controllers C1 and χ1 are designed as follows.

C1 : v3 = e1 +K (5.30)

χ1 : χ = αe1 + ė1 +K (5.31)

where α is a designed constant which is larger than 1.

So w1 = 1−u1 < 1 could be obtained by using (5.26), a = v− 1+D3−χ

could be derived using (5.29), and A is designed as the inverse function of N

(A = N−1). Besides, e1 = ė1 = 0 and v = 0 could be obtained by using the

proposed control design system, it will be discussed later. Then the operator

M̃ could be calculated by using the deigned operators as follows.

M̃ = (A(N +∆N) +BD) (w1)

= A(N +∆N)(w1) + a

= w1 +∆ · w1 + v − 1 +D3 − χ (5.32)

= w1 +∆ · w1 + v − 1 +D3 + αe+ ė+K

= K +∆ · w1

So M̃ is an unimodular operator because of K > 1, ∥∆∥ < 1, and w1 < 1.

Besides, M = K can be obtained without the uncertain term ∆.

Furthermore, to confirm the robust stability of the feedback nonlinear

system, the Lipschitz norm in ∥[A (N +∆N)− AN ]M−1∥Lip is

∥[A (N +∆N)− AN ]M−1∥Lip
≤∥A (N +∆N)− AN∥Lip · ∥M−1∥ (5.33)

=∥∆∥ · weq ·
1

K
<1.

Because both (2.16) and (2.17) are satisfied for the nonlinear control sys-

tem, the robust stability is guaranteed by using operator-based robust right

coprime factorization approach.
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5.3.1 Proposed impedance matching control system

To realize the optimal equivalent load tracking control (impedance matching)

for the uncertain WPT systems (Rinr = Rref ), firstly, the desired value of v2

which could realize the optimal equivalent load tracking control is calculated

with the uncertainties. Secondly, the tracking of the desired value is proved

in mathematical way.

When the buck circuit is considered to be lossless and the output load

does not vary, Rref could be calculated using (5.23), the optimal duty cycle

D3o should satisfying the following equation to realize impedance matching.

D3o =

√
8Rout

π2Rref

(5.34)

However, the impedance matching could be destroyed when output load Rout

varies.

To deal with the uncertain term in the WPT systems, the input voltage

to the inverter circuit Vinv, the rectifier circuit Vinb and output voltage Vout

in the control system are sampled in every transient state. The feedforward

compensator χ1, the sampled voltages Vinb and Vout work together to realize

the tracking of v2 as follows.

First, then the following equation could be obtained using (5.12).

V2 =
w3M12M23M34RinrV1

w4M2
12M

2
34 + Z1Z2Z3Z4 + w2κ

(5.35)

where V1 is the amplitude of the sinusoidal voltage for the coupling system,

V2 is the amplitude of sinusoidal voltage for rectifier circuit satisfying that

V2 = 4/πVinb.

Then the actual Rinr could be calculated as follows using Vinb, which
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could be acquired in simulation.

Rinr =
w4M2

12M
2
34 +R1R2R3R4 + w2M2

12R3R4

X3

· V2

+
w2M2

23R1R4 + w2M2
34R1R2

X3

· V2

(5.36)

where X3 = V1w
3M12M23M34−V2R1R2R3−V2w

2M2
12R3−V2w

2M2
23R1，V1 =

4Vinv/π, and V2 = 4/πVinb.

So the proposed compensated controllerK2 to maintain impedance match-

ing is designed as follows using (5.23), (5.34) and (5.36).

v2 = VinbD3o

√
Rinr

Rref

(5.37)

Where D3o is the optimal duty cycle to realize impedance matching without

considering the lossy of the buck circuit and the variation of output load.

By using this proposed compensated controller K2, the voltage v2 could be

considered as a constant value in steady state so that the impedance matching

is realized considering the uncertain term of the WPT system.

The next assignment is to maker sure that v2 could be tracked. As shown

in Fig. 5.8, a = v3 − b. Then v could be calculated as follows using (5.26)

and (5.29).

v = a+ 1− u1 − χ

= (v3 − b) + 1− u1 − (αe1 + ė1 +K)

= e1 +K − w1 + 1− u1 − (αe1 + ė1)−K

= −(α− 1)e1 − ė1

(5.38)

The time derivative of v is

v̇ = −(α− 1)ė1 − ë1. (5.39)
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The modeling of N could be expressed as follows using (5.18), (5.19) and

(5.26).

ë1 = − ė1
RoutCs1

+
1

Ls1Cs1

[(
1− w1

)
Vinb − v2 − e1

]
(5.40)

Because the buck circuit always satisfying that 0 < Vout = v2+ e1 < Vinb, the

following equations could be obtained.

v̇ = − 1

Ls1Cs1

(Vinb − v2 − e1) < 0 v > 0 (5.41)

v̇ =
1

Ls1Cs1

(v2 + e1) > 0 v < 0 (5.42)

So v could converge to zero when time comes to infinite, then w1 could be

obtained.

w1 = 1− v2
Vinb

. (5.43)

Furthermore, due to bothX1 and Y1 are negative numbers, the output voltage

y could be obtained as follows when time comes to infinite.

y =N(w1)

= (1− w1)Vinb
M1 −N1

2N1

eX1t − (1− w1)

· Vinb
M1 +N1

2N1

eY1t + (1− w1)Vinb

→v2

(5.44)

Therefore, when the proposed control scheme is adopted, the tracking of

optimal equivalent load can be obtained with consideration of the uncertain

term in the WPT system.

5.3.2 Proposed output voltage tracking control system

As discussed above, the impedance matching could be realized, but the out-

put voltage will vary when output load varies and V1 is fixed. By changing
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the duty cycle of the boost circuit, V1 is changeable with respect to the uncer-

tainties so that the desired output voltage could be obtained. The proposed

controller C2 is designed as follows.

u3 =

{
1 when e2 > +h

0 when e2 < −h
(5.45)

where u3 is the transit state of switch S2 (u3 = 0 means S2 is off and u3 = 1

means S2 is on). Then the desired duty cycle D4 could be obtained to track

the reference signal.

When the WPT system operators in steady state, to provide the corre-

sponding V1 using D4, the controller K1 is designed as

V1 =
π

4(1−D4)
Vin. (5.46)

So the desired output voltage could be obtained in the WPT system, and

the V1 for impedance matching is obtained.

Therefore, the robust stability of the feedback nonlinear system is guar-

anteed by using robust right coprime factorization approach. Besides, the

impedance matching for the coupling system can be realized without the

acquisition of AC signal. Moreover, the desired output voltage could be

tracked.

5.4 Simulations

To confirm the effectiveness of the proposed control design scheme, the pro-

posed WPT system is conducted using simulations. The simulations are

conducted by using Matlab/Simulink (Simscape Electrical Toolbox), which

could provide the electrical components to consider the dynamic of the WPT

system. The WPT system using the proposed control method is as shown

in Fig. 5.9. The parameters of the WPT system are given in Table. 5.1
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Figure 5.9: Diagram of the proposed control design WPT system.

and the designed parameters the proposed control methods are Vref = 2.5V ,

K = 1.32, α = 14 and h = 0.02.

The comparisons of time-domain transient output voltage and equiva-

lent load by using both proposed method and previous method is shown in

Figs. 5.10 and 5.11. It could be observed that the output voltage could

be tracked by using both the two methods. Moreover, compared with the

previous method, the error between the actual equivalent load and the de-

sired equivalent load could be largely alleviated by using the the proposed

method.

When there exists the uncertain term of the output load, the output

voltage could be obtained by using both proposed control design scheme and

the previous method as shown in Fig. 5.12. It could be observed that the

reference signal could be tracked by using both the control schemes.

The equivalent load for the coupling system is shown in Fig. 5.13 when

the uncertain term exists. It could be observed that the impedance match-

ing could be realized by using the proposed control design scheme, but the

previous method could not guarantee the impedance matching.
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Table 5.1: Specifications in the WPT system.

Description Parameter Value
Source voltage Vin 5 V

Inductance of coil
L1, L4 4.3 µH
L2, L3 35.3 µH

Mutual coefficient
M12, M34 8.5 µH
M23 7.5 µH

Resonant capacitors
C2, C3 179 pF
C1, C4 1 nF

Parasitic resistance
R1, R4 1 Ω
R2, R3 45 Ω

Stabilization capacitor C5 1 µF

Filter capacitor
Cs1 1000 µF
Cs2 3000 µF

Filter inductance
Ls1 1 mH
Ls2 2 mH

Output load Rout 85 Ω

Then the efficiency of the WPT system is presented by using two methods

is shown in Fig. 5.14. Due to the realization of impedance matching, the

efficiency of the WPT system by using proposed control design scheme would

be high when compared with the previous method.

The robust stability could be analyzed by using (2.17) in Fig.5.15. It

could be seen that the maximum value of the Lipschitz norm is less than 1,

so the robust stability of the control system is guaranteed by using operator-

based robust right coprime factorization approach.

Therefore, by using the proposed control design scheme, the robust stabil-

ity of the control design scheme is guaranteed. Moreover, the desired output

voltage and impedance matching could be obtained, thus high efficiency is

achieved at the same time.
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Figure 5.10: Comparison of transient output voltage by using proposed
method and previous method.

5.5 Conclusion

In this chapter, the proposed optimal equivalent load tracking control scheme

based on operator theory was presented for WPT systems with the uncertain

term. The robust stability of the feedback nonlinear system was guaranteed

by using robust right coprime factorization approach. Besides, the impedance

matching of the WPT system can be obtained without the acquisition of the

AC signal, so high efficiency was obtained and complexity of the setup can

be erased. Moreover, the desired output voltage was obtained in the WPT

system. Simulation results were shown to confirm that the proposed control

design scheme is effectiveness.
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Figure 5.11: Comparison of transient equivalent load by using proposed
method and previous method.

Figure 5.12: Output voltage with different output load.
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Figure 5.13: Equivalent load Rrec with different output load.

Figure 5.14: Efficiency of the WPT system with different output load.
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Chapter 6

Conclusions

In this dissertation, the WPT systems driven by the duty cycle of switch

were studied to propose methods, there are three problems need to tackled:

the robust stability of the nonlinear system, the desired tracking performance

and high efficiency at the same time. Three different robust nonlinear control

methods were proposed in the dissertation.

In Chapter 2, the mathematical preliminaries about operator theory and

the key theories in WPT systems were presented, circuit theory was intro-

duced to analyse the power exchange between two resonance objects of the

WPT systems, then the mathematical modeling of the buck circuit was given

in its transient state. After that, basic definitions of operator-based right fac-

torization, right coprime factorization, and robust right coprime factorization

for nonlinear systems were given to analyse the robust stability of uncertain

WPT systems. Moreover, the impedance matching theory using buck circuit

was presented to obtain the high efficiency for WPT systems. Finally, the

problems discussed in this dissertation were stated.

In Chapter 3, fist, the derivation about the mathematical modeling of

WPT systems was given. Then motivated by the usefulness of operator the-

ory for uncertain nonlinear systems, and rare previous research on WPT

system were conducted considering the uncertain term resulting from the

85
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uncertain distance between coils. Besides, SMC method is a promising way

to realize the tracking performance, it has the advantageous, such as fast-

dynamic response and simple implement in setup. A robust nonlinear control

design scheme based on operator theory was proposed to tackle the uncer-

tain mutual inductor, which is resulting from the movement of transmit coil

or receive coil. There are two advantages in the proposed control design

system. First, in order to tackle the uncertain term, operator-based right co-

prime factorization approach was adopted to guarantee the robust stability

of the nonlinear system. Then sliding mode technology was used to obtain

the tracking performance of the nonlinear system. Finally, simulations and

experiments are conducted to verify the effectiveness of the proposed control

design scheme.

In Chapter 4, the chattering problem exists because of the inherent short-

age about traditional SMC method in the designed control system mentioned

in Section 3. Motivated by the elimination method of chattering phenomenon

existing in traditional SMC method, the tracking performance could be im-

proved. Then a proposed new robust control design scheme based on operator

theory for WPT systems with uncertainties was proposed. In the proposed

control design system, to deal with the uncertainties in the wireless power

transfer system, operator-based robust right coprime factorization approach

is adopted to guarantee the robust stability. Moreover, the tracking perfor-

mance is improved by using the proposed control design scheme. Finally,

results of simulations and experiments are presented to confirm the effective-

ness of the proposed control design scheme.

In Chapter 5, the proposed control schemes in Sections 3 and 4 could

guarantee tracking performance of output voltage for the robust WPT con-

trol system, but the impedance matching may be destroyed when the output

load is varied, thus high efficiency could not be achieved. Besides, high

frequency AC (alternating current) signal increase the complexity of the
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setup. Motivated by the power management of both transfer power and

efficiency, not only the desired output voltage should be obtained, but also

the impedance matching need to be realized considering the existence of un-

certain term about the output load, and the acquisition of high frequency AC

signal should be eliminated. So an optimal equivalent load tracking scheme

based on operator theory for uncertain WPT systems was proposed. By us-

ing the proposed control scheme, the uncertain term could be dealt with by

using the robust right coprime factorization approach, so the robust stability

can be obtained. After that, the optimal equivalent load for the coupling

system can be tuned to realize impedance matching without the acquisition

of AC current signal, thus the high efficiency was obtained. Moreover, the

reference signal of output voltage can be tracked. Simulation results show

the effectiveness of this proposed control method.

In conclusion, three operator-based robust nonlinear control design schemes

for WPT systems were proposed in this dissertation. The first control scheme

was to ensure the tracking performance and robust stability at the same time

for the uncertain nonlinear WPT systems, it focus on ensuring the robust

stability of the uncertain WPT systems using robust right coprime factor-

ization. After that, the second control scheme was proposed to improve the

tracking performance of the uncertain WPT systems, it focus on eliminating

the chattering problem of the uncertain WPT systems. Finally, not only the

robust stability of the nonlinear control system was guaranteed by using the

third control scheme, but also the desired output voltage and optimal equiva-

lent load can be obtained, thus the desired output power and high efficiency

using operator-based robust nonlinear control design scheme at the same

time. Simulations and/or experiments results were presented to confirm the

effectiveness of the three proposed control schemes.

In our future work, the experimental setup will be build, and the third

proposed control design scheme will be tested in the setup to verify its ef-
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fectiveness. Besides, the optimal parameters of the proposed operator-based

robust nonlinear WPT systems will be considered based on ant colony opti-

mization and other optimization method [96–98].
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